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FOREWORD 
S t a n f o r d  U n i v e r s i t y  a n d  t h e  U n i v e r s i t y  o f  C a l i f o r n i a  a t  L o s  A n g e l e s  
r e c o r d  i n  t h i s  F i n a l  R e p o r t ,  t h e  r e s u l t s  o f  a  n i n e - m o n t h s  s t u d y  o n  t h e  
a p p l i c a t i o n  o f  a  D r a g - F r e e  S a t e l l i t e  t o  g e o d e s y .  T h e  w o r k  was  p e r f o r m e d  
u n d e r  NASA G r a n t  NAS-12-695 w h i c h  was  a w a r d e d  i n  r e s p o n s e  t o  o u r  p r o p o s a l  
[ ~ e f  s. 1 a n d  2 1  "TO P r e p a r e  a  P r e l i m i n a r y  D e s i g n  o f  a  D r a g - F r e e  S a t e l l i t e  
a n d  S t u d y  I t s  A p p l i c a t i o n  To  ~ e o d e s ~ , "  and t h e  Addendum d a t e d  J a n u a r y ,  
1 9 6 8 .  T h e  work  r e p o r t e d  is  p r i n c i p a l l y  i n  two  a r e a s :  t h e  f i r s t  is t h e  
f e a s i b i l i t y  o f  m a k i n g  g e o p h y s i c a l  m e a s u r e m e n t s  w h i c h  a r e  n o t  p o s s i b l e  
w i t h  c o n v e n t i o n a l  s a t e l l i t e s ,  and  t h e  s e c o n d  a r e a ,  p r e l i m i n a r y  d e s i g n  
w o r k  o n  a t t i t u d e  and t r a n s l a t i o n - c o n t r o l  s y s t e m s  f o r  s p i n n i n g  v e h i c l e  
and  p o s s i b l e  c o u p l i n g  o f  a t t i t u d e  and  t r a n s l a t i o n  c o n t r o l  f o r  g r a v i t y  
s t a b i l i z e d  v e h i c l e s .  
A D r a g - F r e e  S a t e l l i t e  c o n t r o l  r e f e r e n c e  is  an u n s u p p o r t e d  p r o o f  mass  
s h i e l d e d  f r o m  a l l  e x t e r n a l  s u r f a c e  f o r c e s  by  t h e  s a t e l l i t e .  S i n c e  o n l y  
g r a v i t a t i o n a l  f o r c e s  a c t  o n  t h e  p r o o f  mass ,  i t  f o l l o w s  a  p u r e l y  g r a v i t a -  
t i o n a l  o r b i t .  A c o n t r o l  s y s t e m  i n  a  s a t e l l i t e  s e n s e s  t h e  r e l a t i v e  p o s i -  
t i o n  o f  t h e  s a t e l l i t e  w i t h  r e s p e c t  t o  t h e  p r o o f  m a s s  and a c t u a t e s  r e a c t i o n  
jets f o r c i n g  t h e  s a t e l l i t e  t o  f o l l o w  t h e  p r o o f  m a s s .  T h e  s a t e l l i t e  t h e r e -  
f o r e  a l s o  f o l l o w s  a  p u r e l y  g r a v i t a t i o n a l  o r b i t  [ ~ e f s .  3 and  41. T h i s  
c o n c e p t  h a s  b e e n  d e v e l o p e d  t o  a  h i g h  d e g r e e  a t  S t a n f o r d  u n d e r  NASA G r a n t  
NsG 5 8 2  and  was  i n d e p e n d e n t l y  p r o p o s e d  a t  UCLA f o r  ae ronomy s t u d i e s  i n  
1 9 6 2  [ ~ e f .  5 1 .  T h e r e  a r e  t w o  p r i n c i p a l  a d v a n t a g e s  o f  a  D r a g - F r e e  S a t c l -  
. 2 *. r i ~ e  l o r  g e o d e s y .  F f i - s t ,  t h e  s a t e l l i t 2  c a n c e l s  s u r f n c e  f o r c e s  1!!hich m i g h t  
mask t h e  s m a l l  v a r i a t i o n s  i n  t h e  g r a v i t a t i o n a l  f i e l d ;  h e n c e ,  i t  p r o t e c t s  
t h e  l o n g  p e r i o d  p e r t u r b a t i o n s  d u e  t o  weak e f f e c t s  f r o m  d i s t o r t i o n  a n d  
a l l o w s  t h e m  t o  become l a r g e  e n o u g h  t o  b e  m e a s u r e d .  S e c o n d l y ,  t h e  p e r i g e e  
of t h e  s a t e l l i t e  c a n  b e  made l o w e r  w i t h o u t  i n t r o d u c i n g  a d d i t i o n a l  d i s t u r -  
b a n c e s  t o  t h e  s a t e l l i t e  e p h e m e r i s .  I t  is p o s s i b l e ,  t h e r e f o r e ,  t o  e n h a n c e  
t h e  e f f e c t  o f  h i g h e r  g r a v i t a t i o n a l  h a r m o n i c s .  
Two t y p e s  o f  g e o d e s y  i n f o r m a t i o n  h a v e  b e e n  c o n s i d e r e d  i n  d e t a i l .  
T h e  f i r s t  i s  a n  i m p r o v e d  a n a l y t i c a l  mode l  o f  ' t h e  e f f e c t  o f  t i d a l  f o r c e s  on 
t h e  e a r t h .  L a t i t u d e  and l o n g i t u d e  d e p e n d e n c e  o f  t h e  e l a s t i c  d e f o r m a t i o n  
and e n e r g y  d i s s i p a t i o n  h a v e  b e e n  i n c l u d e d .  From t h i s  m a t h e m a t i c a l  model ,  
i t  is  h o p e d  t o  d e t e r m i n e  a c c u r a t e l y ,  t h e  t i d a l  i n t e r a c t i o n  o f  t h e  e a r t h ,  
moon, a n d . s u n .  Some f i x e d  t e s s e r a l  h a r m o n i c s  o f  t h e  e a r t h ' s  g r a v i t a t i o n a l  
f i e l d  h a v e  b e e n  m e a s u r e d  b y  c o n v e n t i o n a l  s a t e l l i t e s .  A l a r g e  number  o f  
t e s s e r a l  h a r m o n i c s  ( 7 2  p a i r s )  w e r e  s e l e c t e d  a s  b e i n g  u n c e r t a i n  and of  
i n t e r e s t .  T h r o u g h  c a r e f u l  a n a l y s i s ,  f o u r  o r b i t s  h a v e  b e e n  s e l e c t e d  i n  
w h i c h  a  D r a g - F r e e  S a t e l l i t e  c a n  i d e n t i f y  6 9  of  t h e s e  72 p a i r s  o f  t e s s e r a l  
h a r m o n i c s .  T h e  n e c e s s a r y  t h e o r y  f o r  t h i s  e v a l u a t i o n  h a s  been  r e v i e w e d  and 
t h e  a n a l y s i s  l e a d i n g  t o  t h e  s e l e c t i o n s  o f  t h e s e  f o u r  o r b i t s  is p r e s e n t e d  
i n  d e t a i l .  
I n  t h e  d e s i g n  o f  t h e  D r a g - F r e e  S a t e l l i t e ,  t h e r e  a r e  two d i f f e r e n t  
t y p e s  o f  p e r f o r m a n c e s  t h a t  c o n c e r n  t h e  d e s i g n e r .  T h e  c o n t r o l  s y s t e m  
w h i c h  t h r u s t s  t h e  s a t e l l i t e  s o  t h a t  i t  f o l l o w s  t h e  p r o o f  mass  m u s t  b e  
e f f i c i e n t  i n  t h e  u t i l i z a t i o n  o f  p r o p e l l a n t .  Low p r o p e l l a n t  e x p e n d i t u r e  
and  t i g h t  c o n t r o l  a r e  t h e  most i m p o r t a n t  m e a s u r e s  o f  c o n t r o l  p e r f o r m a n c e .  
A v e r y  d i f f e r e n t  t y p e  o f  p e r f o r m a n c e  is d i s c u s s e d  i n  e v a l u a t i n g  how c l o s e l y  
o n e  a c h i e v e s  a  p u r e l y  g r a v i t a t i o n a l  o r b i t .  The proof  mass may b e  p e r t u r b e d  
by a s e n s o r ,  g r a d i e n t s  i n  l o c a l  m a g n e t i c  f i e l d ,  m a s s . a t t r a c t i o n  f rom t h e  
s a t e l l i t e ,  and many o t h e r  phenomena. Mass a t t r a c t i o n  of  t h e  s a t e l l i t e  
on t h e  proof  mass is  t h e  l a r g e s t  o f  t h e s e  v e r y  s m a l l  f o r c e s ' w h i c h  p r e v e n t  
t h e  o r b i t  f rom b e i n g  p u r e l y  g r a v i t a t i o n a l .  When t h e  a v e r a g e  v a l u e  of  t h e s e  
d i s t u r b a n c e s  a r e  a l o n g - t r a c k ,  t h e y  p r o d u c e  s i g n i f i c a n t  p e r t u r b a t i o n s .  
To r e d u c e  t h i s  e f f e c t  by s e v e r a l  o r d e r s  o f  magni tude ,  t h e  s a t e l l i t e  may 
be  spun.  T h e r e f o r e ,  a  t h o r o u g h  p r e l i m i n a r y  d e s i g n  s t u d y  was made on a  
s p i n n i n g  v e h i c l e ,  a t t i t u d e  and t r a n s l a t i o n  c o n t r o l  sys t em f o r  a  d r a g - f r e e  
o p e r a t i o n  t o  e s t a b l i s h  t h e  f e a s i b i l i t y  . o f  a c h i e v i n g  t h i s  s i g n i f i c a n t  i m -  
provement of pe r fo rmance  i n  c a s e  i t  is needed.  The i m p o r t a n c e  o f  a d d i n g  
a  Drag -Free  S a t e l l i t e  c o n t r o l  s y s t e m  t o  an  e x i s t i n g  s a t e l l i t e  was a l s o  
r e c o g n i z e d  and hence ,  f e a s i b i l i t y  s t u d i e s  were pe r fo rmed  t o  i n s u r e  t h a t  
s p e c i a l  c o u p l i n g  e f f e c t s  would n o t  d e g r a d e  t h e  t r a n s l a t i o n  c o n t r o l  s y s t e m  
pe r fo rmance .  T h e s e  a r e  p r e s e n t e d  h e r e w i t h  i n  d e t a i l .  
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TIDAL FRICTION WITH LATITUDE-DEPENDENT AMPLITUDE AND PHASE ANGLE 
T ida l  d i s t u r b i n g  f u n c t i o n s  were developed i n  which the  ampl i -  
tude f a c t o r  k and l a b  ang le  c a r e  expressed as sums o f  zonal 
spher ica l  .harmonics. 
I n  regard  t o  the  c u r r e n t  e v o l u t i o n  o f  t he  moon's o r b i t ,  the 
ex is tence o f  a second degree harmonic i n  the  l a g  angle cou ld  make 
a s 1 yn i E *  : ! c a n t  c o n i r i b u o i o n  t o  energy t r a n s f e r  t o  the moon; i t  i s  
u n l i k e l y ,  however, t h a t  i t  has an impor tant  e f f e c t  on the o v e r a l l  
t ime-sca le  o f  t h e  o r b i t  e v o l u t i o n .  
I f  t h e  moon formed i n  an e q u a t o r i a l  o r b i t  about the  ear th ,  
t i d a l  f r i c t i o n  c o u l d  do n o t h i n g  t o  i n c l i n e  t h e  o r b i t .  Once the  
o r b i t  was inc l , ined,  t i d a l  f r i c t i o n  c o u l d  increase the  I n c l  i n a t f o n  
f u r t h e r  i.f t h e r e  was a c m e n s u r a b t  1 i t y  between the  e a r t h ' s  
r o t a t i o n  and t h e  moon's r e v o l u t i o n *  
L a t i t u d i n a l  v a r i a t i o n s  i n  t i d a l  p r o p e r t i e s  would have 
apprec iab le  e f f e c t s  on c l o s e  s a t e l  1 i t e  orb;  t s .  An apprec iab le  
second degrde harmonic i n  the  phase l a g  i s  needed, however, t o  
r e c o n c i l e  t h e  a v a i l a b l e  data w i t h  the  r a t e  of  t he  e a r t h ' s  
r o t a t i o n a l  dece le ra t i on .  Fu r the r  progress requ i res  s a t e l l i t e s  
f r e e  from sur face  f o r c e  e f f e c t s *  
A S  has been e s t a b l i s h e d  by v a r i o u s . s t u d i e s  i n  recent  years, 
i n t e g r a t i o n  o f  t he  moon's o r b i t  back i n  t ime under the i n f l uence  
of  t i d a l  f r i c t i o n  w t t h  t h e  d i s s i p a t i o n  f a c t o r  I / Q  i n f e r r e d  from 
observat ions o f  lunar  & s o l a r  mot ion  b r i n g  the  moon c lose  t o  
the  e a r t h  o n l y  1 .O t o  2.0 x 10' years ago (Gerstenkorn, 1955; 
MacDonald, 1964; Goldre ich,  1966) Furthermore, a t  the  c l o s e s t  
p o i n t  t h e  moon's o r b i t  has an apprec iab le  i n c l i n a t i o n  w i t h  res-  
pec t  t o  the  e a r t h ' s  equator ,  which would r u l e  ou t  a  f i s s i o n  
o r l g i n .  Go ldre ich  (1966) and Munk (1968) suggested, however, 
than an asymmetric t i d a l  response o f  the  e a r t h  may have had 
a  s i g n i f i c a n t  e f f e c t  on the  o r b i t a l  e v o l u t i o n  o f  t h e  moon. 
Add i t i ona l  data which have recent1 y been developed use 
the  e f f e c t s  o f  t i d a l  p o t e n t i a l s  on a r t i f i c i a l  s a t e l l i t e  o r b i t s .  
Kozai (1968) analyzed p e r t u r b a t i o n s  o f  the i n c l i n a t f o n  of three 
s a t e l  1 i tes o f  33' t o  50' i n c l  i n a t  i on .  He obta ined Love numbers 
kz v a r y i n g  from 0.23 t o  0 - 3 3  w i t h  u n c e r t a i n t i e s  l ess  than - + .03, 
and phase lags f rom 0' t o 9 O  w i t h  u n c e r t a i n t i e s  o f  - -+ 5 t o  7'. 
Newton (1968) analyzed p e r t u r b a t i o n s  o f  t h e  node and i n c l i n a t i o n  
o f  four  p o l a r  s a t e l l l t e s .  He ob ta ined Love numbers kz va ry ing  
from 0'.28 t o  0.44 w i t h  u n c e r t a i n i t e s  l ess  than -f- -03, and phase 
lags from 0.7' t o  2 . s 0 ,  w i t h  u n c e r t a i n t i e s  l ess  than 2 0 . 8 ~ .  
Newton emphasized t h a t  t h e r e  appeared t o  be s i g n i f i c a n t  r a t e -  
dependence of b o t h  amp1 i tude and phase a n g l e  However, we s t  i 1 1  
m igh t  hope t o  e x p l a i n  some o f  t h o  d i f f e rences  among a r t i f i c i a l  
s a t e l  1 i t e  analyses, as we1 1 as the  d iscrepancies fr& the  2' - 2.5' 
lags i n f e r r e d  from the dece lera t ion o f  the ear th ' s  r o t a t i o n  
by an hsymmetric t i d a l  response: i .e., one which i s  a  funct ion 
of l o c a t i o n  w i t h i n  the ear th .  
B* DEVELOPMENT OF D I S T U R B I N G  FUNCTION 
L e t  the d i s t u r b i n g  funct ion o f  the sun or moon be repre- 
sented i n  terms of the ~ e p l e r  elements o f  the d i s t u r b i n g  body 
and the spher ical  coordinates o f  the p o i n t  o f  c a l c u l a t i o n  o f  
the p o t e n t i a l  (Kaula, 1964): 
where r ,  9, 1 are radius,  l a t i t u d e ,  and longi tude respect ive ly ;  
0 i s  the Greenwich s..idereal time; Ph(sinrp) i s  the Legendre 
Associated funs t  ion; and 
where G i s  the g r a v i t a t i o n a l  constant;  m*, a*, e*, I*, M*, w*, 
fk a re  the  mass and Kepler  elements o f  the d i s t u r b i n g  body; 
and F (I*) and G (e*) a r e  polynomials as de r i ved  by Kaula 
tmp t p q  
( 1966) 
Now, regard less o f  t he  na ture  o f  the t i d a l  response o f  
the  e a r t h  - -  oceanic, b o d i l y ,  o r  o therwise - -  so long as the re  
i s  no s i g n i f i c a n t  n o n - l i n e a r i t y  ( i . e . ,  t i d a l  terms i n t e r a c t i n g  
w i t h  themselves o r  o ther  terms) ,  then the  t i d a l  p o t e n t i a l  at 
t h e  e a r t h ' s  surface r = R can be w r i t t e n  as: 
COS 4-m even 
~ & ~ ( S i n v ) {  } 
4-m odd 
. . 
We should expect the Love number k4(v,  A) and phase l a g  
€ 
tmpq 
(9, A )  t o  be ra the r  smoothly va ry ing  func t ions  of p o s i t i o n ,  
and hence representable by spher ica l  harmonics; t h i s  would cer -  
t a i n l y  be t r u e  o f  t h a t  p o r t i o n  o f  t h e i r  e f f e c t  which would a f f e c t  
sate1 l i t e  o r b i t s .  The f u l l  d,evelopment of Eq. (5)  would i nvo lve  
products of tessera l  harmonics, and hence would be most con- 
ven ien t l y  done i n  complex rep resen ta t i on ,  a long the l i n e s  of 
Kaula (1967). But a  f a i r l y  elementary cons idera t  ion shows t h a t  
any longitude-dependent p a r t  o f  the product k e 4, tmpq w i l l  have 
i t s  e f f e c t  on any o r b i t  "averaged out"  by the  e a r t h ' s  r o t a t i o n o  

where 
The product pdrn(sinq) P. ( s i nv )  can be converted t o  a sum: JO 
Values o f  QCkjm are given i n  Table 1 .  Applying E q .  (10) t o  
a1 1 products i n  E q .  (8) a1 lows us t o  w r i t e  t h e  t i d a l  po ten t i a l  
T ( r )  a t  any radius r , R as: 
4-m dven 
- m ( ~ + e ) }  
Using the usual conversion from spher ical  coordinates t o  Kepler 
elements o f  the perturbed sate1 1 i t e  o r b i t  (Kaula, 1966, p -  37), 
cos c)"' ~ ~ ( s i n v ) { ~ ~ ~ j r n i  
.c+ 1 I 
= ( )  1 FLmj ( I )  Gdjg(e) jCos r i n  -cos 
Lj g 
s in \ .  
w e n  (4-rn) odd ,  
{vtmpq . me} . 02)  
we get 
- s i n  (s -4 )  even 
~ s j g ' ( ~ ) { ( - l ) ~ c o s } ( ~ - ~ )  odd {'smj ?mpq (13)  
To s i m p l i f y ,  1,et us s u b s t i t u t e  ( k & ~ ) ~  fo r  nth '7, 'n ~ k n s m :  
n . .
then we can w r i t e  
(k-4)  even 
For ana lys is  o f  the moon's o r b i t a l  evo lu t ion ,  we requ i re  
( 1 )  zero r a t e :  
o r ,  from E q *  (41, 
and ( 2 )  small "damping" fac to r  (,*'+I a '+I)-' , or 
The combinat ion 31 for Ck i s  excluded. because a f i r s t  degree 
harmonic would represent  a s h i f t  o f  the o r i g i n ,  the  e a r t h ' s  - 
center-  o f  mass. For lunar  o r b i t  evo lut ion  then let us w r i t e  
- _  
where 
i n  which 
and j i s  r e l a t e d  t o  k ,  4 ,  and p  by E q .  ( 1 6 ) .  
For ana lys is  of t i d a l  per turbat ions  o f  a r t i f i c i a l  s a t e l -  
l i t e s ,  we r e q u i r e  ( 1 )  no short  pe r iod  terms, or 
g P 2 j -  k 
( &+I)- '  , or and ( 2 )  sma 1 l "damp l ng" fac to r  a+, 
E q .  (14) thus becomes 
Values o f  the amp1 itude f ac to rs  Khmpq and associated ra tes  
k P ,  a r e  given I n  Table 1-1. 
C. EFFECTS ON LUNAR O R B I T  EVOLUTION 
O f  the  terms i n  Eq*;(19),  those w i t h  tmpq = 2010 a r e  
meaningless because 30000 i s  zero .  The lowest va lue  o f  h which 
gives a non-zero QZho0 i s  2. From Table 1-2, K201 i s  apprec iab ly  
l a r g e r  than K201-1 GOOl i s  t h e  c o e f f i c i e n t  o f  cos M i n  the  
expansion of  a / r ,  o r  e .  W r i t i n g  o u t  t he  p a r t s  o f  K2011 and 
eva 1 ua t i ng Q2200 from Table I we ge t  
From the  Lagrangian p l a n e t a r y  equat ions-of -mot ion,  we get  
(dropping a s t e r i s k s  a f t e r  d i f f e r e n t i a t i n g  TO):  
and 
These terms express the  e f f e c t  o f  the i n t e r a c t i o n  o f  the 
e c c e n t r i c i t y  of the'moon's o r b i t  w i t h  a  v a r i a t i o n  o f  the t i d a l  
dissipation i n  the e a r t h  which i s  symnetric about the equator. 
Since the ea r th ' s  r o t a t i a n  i s  no t  involved, there i s  no angular 
momentum t rans fe r :  on ly  energy t r ans fe r .  E q .  (24) s ta tes  tha t  
i f  d i s s i p a t i o n  i s  concentrated near the poles i n  the ear th,  
the moon w i l l  move away fas te r ;  w h i l e  i f  i t  i s  concentrated 
near the equator i t  w i l l  move away more s lowly.  E q .  (25)  i s  
merely cons is tent  w i t h  conservat ion o'f angular  momentum, or  
P u t t i n g  i n  numbers, we have f o r  the present lunar o r b i t ,  
from Eq: (24) ,  i n  p lanetary  u n i t s  
From E q .  (41) of Kaula (19641, 
The frequency ( i n  an e a r t h  re fe rence frame) f o r  Gmpq = 2200 
i s  about 55 t imes t h a t  fo r  Cmpq = 2011- Hence, s i n c e  a s l g -  
n i f i c a n t  p a r t  of  the  t i d a l  d i s s i p a t i o n  i s  i n  the  oceans, probably  
~ ~ ( 2 0 1 1 )  << ~ ~ ( 2 2 0 0 )  (28) 
Furthermore, we would expect €0 + c,P, t o  be greater .  than zero 
everywhere, so probably  
Thus i t  seems u n l i k e l y  t h a t  t h e  e f f e c t  on the  lunar  o r b i t  
e v o l u t i o n  o f  non -un i fo rm i t y  o f  d i s s i p a t i o n  can e x p l a i n  the  d i s -  
crepancy between the, lag . -ang le  in*Ferred from lunar  & s o l a r  motions 
(most r e c e n t l y  by C u r o t t ,  1966) and t h a t  from a r t i f i c i a l  s a t e l -  
1 i te: .orb i  t s  by Newton (1968) Since A, ib i s  p o s i t i v e ,  f o r  non- I 
uni form d i s s i p a t i o n  t o  e x p l a i n  some o f  t he  discrepancy i t s  
c o n t r i b u t i o n  t o  A should be nega t i ve  and hence io should be 1 
p o s i t i v e ,  corresponding t o  a predominance around the  poles 
( ' iee Kaula, 1968, p .  197). 
The most s i g n i f i c a n t  r e s u l t  o f  Go ldre ich  (1966) was t h a t  i f  
d i s s i p a t i o n  has been u n i f o r m  over the  e a r t h ' s  sur face ,  the  
i n c l  i n a t  i o n  t o  t h e  equator cou ld  never have been l e s s  than 10' 
-. _ 
w i t h i n  90 e a r t h  r a d i i  Go ldre ich  suggested t h a t  s t rong  l o c a l  
d i s s i p a t i o n  i n  a few p laces i n  the e a r t h ' s  oceans or  c r u s t  may 
lead  t o  u n a n t i c i p a t e d  d e v i a t i o n s  frm h i s  r e s u l t s .  No mat te r  
how " l o c a l "  was t h i s  d i s s i p a t i o n ,  and no matt'er how c lose  the  
moon, the  main e f f e c t  on the  o r b i t  must be exp ress ib le  i n  spher i -  
c a l  harmonics - -  j u s t  as i s  t he  case f o r  s a t e l l i t e  o r b i t  per-  
t u r b a t i o n s  by g r a v i t y  anomalies f i x e d  i n  the  e a r t h .  A f a s t e r  
.. . . 
r a t e  o f  r o t a t i o n  such as p r e v a i l e d  e a r l y  i n  the  e a r t h ' s  h i s t o r y  
would make t h i s  a l l  t h e  more t r u e .  
For the  i n c l i n a t i o n  t o  be changed by t h e  d i s t u r b i n g  f u n c t i o n  
of ~ q .  (19) ,  the  combinat ion FCmp Fkmj [ ( k - 2 j ) c o t  I - m csc IJ  
must be non-zero (see, e e g . ,  Kaula, 1966, p .  40). For I = 0, 
t h i s  never occurs:  FCmp F  kmj conta ins  a non-zero f a c t o r  on l y  
f o r  m  = k - 2 j .  I f  m f k - Z j ,  FCmp Fkmj i s  a t  l e a s t  order l a .  A l l  o f  
which goes t o  say t h a t  p u r e l y  i a t l t u d i n a i  v a r i a t i o n s  i n  t f t i a i  
p r o p e r t i e s  can do n o t h i n g  t o  wrench t h e  moon out  o f  an equa to r ia l  
o r b i t .  What i s  necessary i s  an i n t e r a c t i o n  such t h a t  
w i t h  s  # m: i .e., a resonance,. To m a i n t a i n  such a  resonance 
e. 
l ong  enough t o  have s i g n i f i c a n t  e f f e c t ,  rile must have about 
equaled n/B, where n  i s  t he  mean mot ion,  r e l a t e d  t o  u = G(M+m*) 
by K e p l e r ' s  t h i r d  law, 
From conservation of angular momentum ( ~ q .  (59); Kaula, 1964): 
wh&e C is the earth's moment of inertia, or 
for a in earth radi l o  integrating the moon back close to the 
earth gives a rotation period of about five hours (Fig. 9, 
b 
Goldreich, 1966), or 9-28 for A I n  the "p!anctar*l" , t p - : + c  Y . , I  ,.-. U s  -" 
radians/807 sec. Setting n as equal to 0.28 x 81/a2 and equating 
It to n by Kepler's law ( ~ q .  (31)), we get an absurdly large 
semi-major axis a. Hence it seems unlikely that any longi- 
-. 
tudinal variation in tidal properties ever had a significant 
effect on the lunar orbit. This holds true even for non- 
linearities in the tides, since in Eq* (30) the tidal harmonic 
ks now has a completely independent specification from h. 
The next, more desperate, possibility is that an irregu- 
larity in tidal properties would affect 6 so much in a direction 
counter to the central tidal term as to hold the moon at a 
resonance point where its incl ination could be changed. A 
situation might have existed which is mathematically similar 
--. . 
to that of Mimas and Tethys, with a tidal bulge taking the place 
o f  the inner satellite Mimas. However, the treatment of Allan 
(1968) indicates that the incl inations must have been non-zero 
before these satellites became coupled, and that the subse- 
quent increase in the inclinations depends on .a factor of 
order 1 2 .  
We thus seem to be forced back to the conclusion that at 
least p a r t  of the moon was captured. The interesting question 
then is how small a portion of the moon needs to be captured, 
taking into account that resonance with longitudinal variations 
in tidal properties may help to further feed the inclination. 
Since the mixed capture-fission hypothesis would involve seveL 
ral more ramifications that either theory alone (see the dis- 
cussion & conc:usions of Goldreich, 1966), it seems appropriate 
L 1  rl c Lv ~ z , e r  fsrthcr ccnsidcrat!sn t h c r e ~ f  tz sncebzr p z z z r .  
In regard to the time-scale problem of the lunar orbit 
evolution, the conclusion of Eqs. (26) - (27) that latitudinal 
variation in tidal lag can account for only a minor part of 
the current evolution indicates that it was of even less sig- 
nificance in the past, and hence a less important effect than 
changes in the extent of shal low seas, as suggested by the most 
recent paleontological work (Panella et a1 ., 1908). 
D* EFFECTS ON CLOSE SATELLITE O R B I T S  
We wish to examine the bahavior of artificial satellites 
of small J/R under the influence of the disturbing function 
given by E q .  ( 2 2 )  w i t h  a  view t o  exp la in ing  r e s u l t s  already 
obtained and suggesting spec i f i ca t i on  o f  f u t u r e  o r b i t s  t o  
determine t i d a l  p roper t ies  o f  the ear th .  
I n  h i s  .analysis,  Kozai (1368) determined k -and  c from the 
per tu rba t ion  of the i n c l i n a t i o n  A I  o f  argument Q. Hence he 
used only the term mpqhkj = 110021 o f  Eq.  (22) ,  or  
(B)' * [ -  $s in I cos I] (l-ea)-J/2, T2  a K 2 1 ~ ~  a 
uzd(cos s i n )  (Qom)  
Newton (1968) determined k and C from the per turbat ions 
o f  i n c l i n a t i o n  d l  and node ' ~ f l  w i t h  arguments conta in ing fl and 
2n. He obtained the lunar and s o l a r - o r b i t  dependent f ac to rs  
by i i i iaei its; f nttqi-ae!on, which t ~ o u l d  be equivaient t o  u s i n g  
a l l  6 terms m = 1,2 and p = 0 , 9 , 2 ,  w i t h  qhkj = 0021 i n  E q .  (22): 
H ~ ~ ( C O S  - e o  s i n )  m(Q-m)  (35) 
Since the per igee argument UJ i s  absent frm the d i s tu rb ing  
funct ions (34)  and (35) ,  odd zonal va r i a t i ons  h  = 1,3,5 ... . 
i n  ka and s cou ld  not  have given r i s e  t o  per turbat ions o f  the 
same per iod as equations (34) and (35); on ly  even va r i a t i ons  
h  = 2,4 . . . Hence i n  the expressions for  pe r tu rba t i on  o f  
A I  (dependent on h ~ 1 2 n )  con ta in ing  the Love number k we can 
make the  s u b s t i t u t i o n  
m = 1,2; h,k even 
and i n  t h e  expressions for  t he  pe r t u rab t i on  A Q  (dependent on 
a ~ / g l ) ,  the  s u b s t i t u t i o n  
Le t  us de f i ne  
m = 1,2; h,k even 
- - 
and 
Then (36) and (37) become 
Kozai (1968) used sate1 1 ites of essentially two specifi- 
I 
cations: a / ~  = 1.30. 1 = 3'. e k  0.16; and a/r = 1.222 .04, 
I = 48.6' - i. 1 .so, e = .01. Newton (1968) used sate1 1 ites of 
one specification a / ~  = 1-157 + *016, 1 = 90.2~ 2 0-3', e < -008. 
Values of Jh corresponding to the m values of terms used in 
these analyses are given in Table 1-3. 
In Table 1-4 are summarized the results obtained by Kozai 
and Newton. ~ewton's values for k and k6 are based mainly on solar 
perturbations and are combinations of values ranging from 0.31 
to 0.38 which are weighted inversely proportionate to their 
radiation pressure pertu;bations. In ccxnbining Kozai's values 
2 
for his 47.2' and 50.1° incl ination sate1 1 ites we have utilized 
a similar weighting: 1/.21 for the 47.2' (ECHO 1 ROCKET CASE) 
and 1/.07 for the 5 0 . 1 ~  (ANNA 1B). In defining the lag angle 
we have accepted the Darwinian assumption, used by Newton, that 
It is proportionate to frequency: i-e., c = 6 for m = 1 and 
c = 26 for m E  2 .  
We also Rave included in Table IV the lag inferred from the 
earth's deceleration, using the rate derived by Curott (1966). 
It appears in the column k l  6, since i t  depends on ~ R / M  and
. 
the Cmpq = 2200 term i s  dominant (Kaula, 1968, p p b  198-203). 
~ p p l y i n g  E q s .  (40) - (41 )  t o  the c lose  s a t e l l i t e  d a t a  i n  
Table I V  we get as observat ion equations: 
Which y i e l d  
The l a r g e  Ha; o f  - *240 makes s i g n i f i c a n t  terms xdh\,  when 
both h and n a r e  non-zero,  appearing i n  E q .  ( 1 3 ) .  i f  we l e t  
we get 
which i s  even more implaus ib le -  
I 
An a l t e r n a t i v e  procedure would be t o  use Newton's data 
alone f o r  n z o  and K z a ,  and then use Newton's data w i t h  the  moon 
for  (k6)aor  (k6)22, (k6)?4 e We get  
and 
~ q .  (47) i s  much more reasonable than E q *  (431 ,  and E q *  ( 4 9 )  i s  
somewhat more reasonable than E q .  (46) .  Physical  necess i ty  requ i res  
o n l y  t h a t  h a 0  i s  p o s i t i v e ;  t h e  ex i s tence  o f  o c e a n t i d e s  makes i t  
p o s s i b l e  t h a t  one o f  t h e  zonal c o e f f i c i e n t s  can be l a r g e r  than 6 2 0 .  
E q .  (49) s a i s  t h a t  beyond t h e  l a t i t u d e  where Pao i s  . 0 1 9 5 / ~ 0 , 3 ~ 1 ,  58', ' , 
phase leads should predominate over phase lags I! t h e  t i d e  meter 
readings. A s t a t i s t i c a l  a n a l y s i s  wouid be wor thwhi le .  A major 
e f f e c t  by ocean t i d e s  would i n v a l i d a t e  the  Darwinian assumption and 
make i t  impossib le  t o  e x t r a p o l a t e  any in ferences t o  r a t e s  o the r  than 
semi-d i runal  & d i u r n a l ,  such as the  monthly r a t e  which Eq.  (26) slag- 
gests might  be impor tant  i n  l una r  o r b i t  e v o l u t i o n .  
Wi th  the  data on hand we get  o n l y  a t e n t a t i v e  i n d i c a t i o n  
o f  s i g n i f i , c a n t  l a t i t u d i n a l  v a r i a t i o n  i n  t h e  e a r t h ' s  t i d a l  p ro-  
p e r t i e s .  But i t  i s  c e r t a i n l y  a good enough i n d i c a t i o n  t o  war- 
r a n t  f u r t h e r  e f f o r t  i n  two d i r e c t i o n s :  (I) the  p l a c i n g  i n  
o r b i t  o f  a r t i f i c i a l  s a t e l l i t e s  which a r e ' i n s t r u k e n t e d  t o  com- 
pensate f o r  any sur face fo rces ,  i n  order  t o  determine long- 
p e r i o d i c  ( f o r t n i g h t l y  o r  more) v a r i a t i o n s  i n  the  o r b i t ;  and 
(2 )  t h e  t rans fo rma t ion  o f  t i d a l  models o f  t he  e a r t h  t o  a form 
compat ib le  w i t h  the p o t e n t i a l  o f  E q .  ( 1 3 )  o r  ( 1 4 ) .  
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*Neumann or F e r r e r s  t y p e :  
P ~ ( C O S B )  = s i n m e  1 ( - l I t  (24-2t)l cos 4-m-2 tg  
e 2 ' t ! ( t - t ) 1  ( t - r n - 2 t ) ~  
TABLE 1-2. AMPL l TUDE FACTORS OF T I  DAL TERMS 
1tPlanetary" u n i t s :  l e n g t h  6.37 x 10' crn, mass 5.97 x lo2' g ,  
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TABLE 1-4. ZUMMARY' OF ORB1 T A N A L Y S E S  FOR T I  DAL PARAMETER: 
11. ORBIT ANALYSIS 
-
A .  TIE SELECTION OF ORBITS FOR THE DETERMINATION OF 
THE TESSERAL HARMONIC TERMS OF THE 
GRAVITATIONAL POTENTIAL 
When c a n d i d a t e  o r b i t s  a r e  s e l e c t e d  f o r  geodesy s a t e l l i t e s ,  i t  is 
n e c e s s a r y  t o  c o n s i d e r  a l l  p o s s i b l e  ways i n  which measurable  i n f o r m a t i o n  
c a n  be o b t a i n e d  from such  o r b i t s .  E x i s t i n g  s a t e l l i t e s ,  o f  c o u r s e ,  y i e l d  
u s e f u l  g e o d e t i c  i n f o r m a t i o n .  Drag- f ree  o r b i t s  a r e  t h e r e f o r e  e s s e n t i a l  
o n l y  i n  d e t e r m i n i n g  o t h e r w i s e  unknown and u n o b t a i n a b l e  d a t a .  Geodesy 
i n f o r m a t i o n  o b t a i n a b l e  from e x i s t i n g  s a t e l l i t e s  i s  b e i n g  c o n s i d e r e d ,  
w i t h  r e s u l t s  r e p o r t e d  i n  Refs .  2-1 t o  2-4. From t h e s e  r e p o r t s ,  i t  a p p e a r s  
t h a t  t h e  t e s s e r a l  harmonic c o e f f i c i e n t s  o f  d e g r e e  7-15 and o r d e r  3-10 
a r e  t h e  72 p a i r s  of c o e f f i c i e n t s  which a r e  l e a s t  w e l l  known and p r o b a b l y  
of most c u r r e n t  i n t e r e s t .  F i g u r e  2-1, t a k e n  f rom Ref.  2-4, i n d i c a t e s  
one g r o u p ' s  o p i n i o n  o f . t h e  s t a t u s  o f  t h e  t e s s e r a l  harmonics.  
Improved v a l u e s  o f  t h e  c o e f f i c i e n t s  o f  o r d e r  11-16 have been 
measured by t r a c k i n g  t h e  p e r t u r b a t i o n s  of  e x i s t i n g  s a t e l l i t e s  a l though  
t h e  e f f e c t  of  a tmospher ic  f o r c e s  may c a s t  some doubt  on t h e  v a l i d i t y  of  
t h e  d a t a .  
P r e v i o u s  s t u d i e s  have d i s c u s s e d  (and we have v e r i f i e d )  t h e  
optimum o r b i t s  f o r  measur ing t h e  unknown t e s s e r a l ' c o e f f i c i e n t s  [ ~ e f s .  
2-7, 2-81, But i t  is  of  more p r a c t i c a l  impor tance  t o  know t h e  
*.  
minimum number o f  d r a g - f r e e  o r b i t s  r e q u i r e d  t o  a d e q u a t e l y  d e t e r m i n e  a l l  
of  t h e s e  c o e f f i c i e n t s .  
I n  t h i s  Chap te r ,  we r e v i e w  t h e  p e r t i n e n t  p e r t u r b a t i o n  t h e o r y  and show 
how a  d r a g - f r e e  o r b i t  i n c r e a s e s  m e a s u r a b i l i t y  by p r o t e c t i n g  long-per iod 
p e r t u r b a t i o n s  from d i s t o r t i o n s  and a l l o w i n g  o p e r a t i o n  a t  lower  p e r i g e e  
a l t i t u d e .  We conc lude  t h a t  6 9  of  t h e  72 p a i r s  of  c o e f f i c i e n t s  of i n t e r e s t  
c a n  be de te rmined  by Drag-Free S a t e l l i t e s  i n  o n l y  - f o u r  c a r e f u l l y  s e l e c t e d  
o r b i t s  which a r e  s p e c i f i e d  and d i s c u s s e d .  
1. A n a l y s i s  of  Medium and Long-Period P e r t u r b a t i o n s .  
hledium-period p e r t u r b a t i o n s  w i l l  be d e f i n e d  a s  t h o s e  w i t h  p e r i o d s  
I 
which a r e  f r a c t i o n s  of  a  day.  Long-period p e r t u r b a t i o n s  a r e  t h o s e  w i t h  
p e r i o d s  o f  s e v e r a l  days .  P e r t u r b a t i o n  a n a l y s i s  is begun by c o n s i d e r i n g  
t h e  g r a v i t a t i o n a l  p o t e n t i a l  e x p r e s s e d  i n  t h e  form 
2 
Relative Tesseral Coefficient 
3 .Status 
4 
5 marginally known 
6 we 11 known 
7 
e 
9 
10 
! I 
12 
13 
14 
I5 
Order (m) 
- 
FIG. 271. STATUS OF KNOWLEDGE OF TESSERAL COEFFICIENTS 
ACCORDING TO REFERENCE 274. 
in which * , 
and 
The quantities a, e, i, R,  w, and M are the standard orbital elements, 
and u is the earth mass times the universal gravitation constant. 
J and h are the amplitude and phase angle associated with the 
am am 
tesseral coefficients of degree j and order m. The angle 
OE is 
the hour angle of Greenwich and a is the earth's equatorial radius. 
E 
The function F (i), known as the inclination function, results from 
amp 
the potential being rotated into the orbit plane. It is given by 
Kaula [ Ref . 2-51 
F (2j - 2t) ! j-m-2t 
sin i 
2 (Q-t 1 t! (a-t): (a - m - 2t): 2 
where k is the integer part of (a-m)/2, t is summed from 0 to the 
lesser of p or k, and c is summed over all values for which-the 
binomial coefficients are non-zero. The eccentricity function G (e) JPS 
comes from converting orbit radius and true anomaly into a,e, and M. 
For (j - 2p + q) = 0, it is given by 
2d+J-2p0 (2.5) 
1 
G (e) = a PS 
where = p for p < j/2 
F o r  <a - 2 p + q ) , # O ,  G ( e )  i s g i v e n b y  
1 a p s  
03 
2 Q Isl G (el = ( - 1 1 ' ~ '  ( 1  + P B x pQpqk Q~~~~ B~~ (2.6) 
~ P S  k=O 
where 
and 
h  
- 
 c (-"') ((1 - 211. + q # ) e ) r  
Q e ~ q k  r = ~  h - r  r! 28 
h  = {  ; q ' >  0  
k - q ,  q ' , < O .  
Here, 
P '  = P ,  q '  = q  f o r  p ,< Q/2,  
P' = a-P, q' = -q f o r  p > Q/2. 
*. 
The i n s t a n t a n e o u s  t ime  r a t e  of  change of t h e  o r b i t a l  e l e m e n t s  duc 
t o  any one term i n  t h e  g r a v i t a t i o n a l  p o t e n t i a l  i s  found from t h e  
Lagrange p l a n e t a r y  e q u a t i o n s  
c o s  i 3~ ./1-e2' a~ 
1 i = 
na2 s i n  i 
(2 .7 )  
Con t . 
R = - 
na2 f l  s i n  i h i  
where R = R g i v e n  i n  Eq. 2.2 and n  is  t h e  mean o r b i t a l  r a t e .  
ampq 
Approximate s o l u t i o n s  t o  t h e s e  e q u a t i o n s  a r e  found by t r e a t i n g  t h e  
a s  l i n e a r  f u n c t i o n s  o f  t i m e  [Ref.  2-53. 
%mPq 
The medium-period p e r t u r b a t i o n s  o f  t h e  i n - t r a c k  p o s i t i o n  of t h e  
s a t e l l i t e  c a n  be found f o r  any g i v e n  J and 1. from t h e  c losed-form 1 m b m 
approximate  s o l u t i o n s  of Eq. 2 .7  f o r  t h e  e x p r e s s i o n  (Am + AM + Ail cos  i ) .  
These p e r t u r b a t i o n s ,  which f l u c t u a t e  w i t h  a  f r e q u e n c y  o f  m t imes  p e r  
day ,  a r e  o b t a i n e d  by choos ing  p a r t i c u l a r  combinat ions  o f  t h e  i n d i c e s  
p  and q  such t h a t  ( j  - 2p + q )  = 0, i . e . ,  t h e  e f f e c t  of t h e ' r a p i d l y  
changing mean anomaiy i\i is m i s s i ~ g  Cro!!~ Li~e hiigle gjmpq.  B a r  t h i s  
c a s e ,  t h e  ampl i tude  of t h e  i n - t r a c k  a n g u l a r  d i s p l a c e m e n t ,  (@ + AM + 
All c o s  i )  i s  
where t h e  i n d i c e s  have been dropped from F and G The r a t e s  
amp ips' 
6 and 6 a r e  found by t h e  u s u a l  f i r s t - o r d e r  approximat ions  
3 n ~  a 2  
* 
W = -  20 E 2 2  2  [1 - 5 c o s  i], 4(1-e2) a  
and 
I 
e 
Q = -  3n J20 aE2 2  2  c o s  i .  2(1-e2) a  
E q u a t i o n  2 .8  i s  v a l i d  f o r  any o r b i t ,  s o  t h i s  p e r t u r b a t i o n  r e p r e -  
s e n t s  a  q u a n t i t y  which,  i f  measurab le ,  c a n  be used t o  d e t e r m i n e  t h e  
c o e f f i c i e n t s  J a n d h  
a m '  
A d d i t i o n a l  p e r t u r b a t i o n s  t o  t h e  c r o s s - t r a c k  
a m  
and r a d i a l  p o s i t i o n s  o f  an  o r b i t i n g  s a t e l l i t e  a l s o  g i v e  a  measure of 
t h e  c o e f f i c i e n t s 1  magni tude ,  a l t h o u g h  t h e  l a t t e r  two a r e  n o t  a s  l a r g e  
a s  t h e  i n - t r a c k  p e r t u r b a t i o n .  I n  g e n e r a l ,  t h e  medium-period f l u c t u a -  
t i o n s  o f  t h e  o r b i t a l  e l e m e n t s  a r e  n o t  l a r g e ,  and i t  i s  n e c e s s a r y  t o  
examine t h e  long-per iod  o r  r e s o n a n t  p e r t u r b a t i o n s  i n  o r d e r  t o  o b t a i n  
t h e  d e s i r e d  c o e f f i c i e n t s  more a c c u r a t e l y .  
The c losed- fo rm l i n e a r  s o l u t i o n s  t o  t h e  Lagrange p l a n e t a r y  equa- 
t i o n s  a l l  have t h e  r a t e  term 
i n  t h e  denominator .  F o r  i n s t a n c e ,  
2v aEe ( a  - m) even 
0 9  = FG!,! - 2. + 0) [I:} I) 
"aa+' (a  - m) odd jmpci* 
These  s o l u t i o n s  a r e  v a l i d  e x c e p t  when t h i s  r a t e  t e r m  i s  v e r y  s m a l l .  I f  
i s  s m a l l ,  t h e  s i n e  and c o s i n e  t e r m s  i n  t h e  p l a n e t a r y  e q u a t i o n s  
b m p q  
change v e r y  s l o w l y ,  a l l o w i n g  l a r g e  a m p l i t u d e  b u i l d u p .  Then, t h e  
assumpt ion  o f  s m a l l  p e r t u r b a t i o n s  l e a d i n g  t o  t h e  c losed- fo rm s o l u t i o n  is  
n o t  v a l i d .  The c o n d i t i o n  Z 0 o c c u r s  when ( a  - 2p + q)  g Q ~ P ,  E 
b e c a u s e  6 is  s m a l l  compared w i t h  , and is  s m a 1  compared 
w i t h  iE. T h i s  i s ,  o f  c o u r s e ,  t h e  c o n d i t i o n  o f  r e sonance  f o r  which t h e  
o r b i t a l  f r e q u e n c y  is  a n  i n t e g e r  m u l t i p l e  o f  t h e  e a r t h ' s  r a t e .  
No g e n e r a l  c losed- fo rm s o l u t i o n  o f  t h e  p l a n e t a r y  e q u a t i o n s ,  v a l i d  
f o r  t h e  r e s o n a n t  c a s e ,  is  known a t  t h i s  t ime .  Vagners [ ~ e f .  2-63 
o b t a i n e d  a s o l u t i o n  f o r  o r b i t s  o f  s m a l l  e c c e n t r i c i t y  and (a-2p -b q)  = L 
by  combining t h e  von Z e i p e l  method w i t h  p e r t u r b a t i o n  t e c h n i q u e s  o f  
Hami l ton ian  mechanics .  T h e r e  a r e  s p e c i a l  c a s e s  where a  pendulum s o l u t i o n  
f o r  t h e  o s c u l a t i n g  v a l u e  o f  t h e  noda l  l o n g i t u d e  o f  t h e  mean s a t e l l i t e  
is  q u i t e  a c c u r a t e  [ R e f .  2-71. In g e n e r a l ,  however, t h e  e x a c t  s o l u t i o n  
- 33- 
t o  t h e  p e r t u r b a t i o n s  of t h e  e l e m e n t s ,  due t o  t h o s e  t e s s e r a l  harmonic 
terms which a r e  i n  r e s o n a n c e  w i t h  t h e  o r b i t ,  can  be found o n l y  by 
numer ica l  i n t e g r a t i o n  of E q s .  2.7. The s o l u t i o n s  depend on  i n i t i a l  
c o n d i t i o n s  and t h e  d e g r e e  o f  commensurab i l i ty  t h a t  t h e  o r b i t  h a s  w i t h  
t h e  r e s o n a n t  c o n d i t i o n .  
Cons ider  t h e  c a s e  where t h e  number o f  r e v o l u t i o n s  p e r  day e q u a l s  
t h e  o r d e r  m ,  t h a t  i s ,  ( j  - 2p + q )  = 1. For  t h i s  
where Cl i s  a  c o n s t a n t  dependent  upon t h e  mean e lements  of t h e  par-  
t i c u l a r  o r b i t .  Thus,  f o r  a  g i v e n  r e s o n a n t  o r b i t ,  t h e r e  is  a  l a r g e  set 
of  bea t  f r e q u e n c i e s  Vem(q) c o r r e s p o n d i n g  t o  each  q  (assuming t h e  
i n c l i n a t i o n  i s  n o t  i o o  c l o s e  t o  t h e  c r i t i c a l  i n c l i n a t i o n .  For  t h e  c a s e  
Hence, a n o t h e r  l a r g e  set of  b e a t  frequencies e x i s t s  and,  i n  f a c t ,  many 
o t h e r  s e t s  e x i s t  f o r  C1 # 0 o r  some m u l t i p l e  o f  w. Because o f  t h i s  
spectrum of  b e a t  f r e q u e n c i e s ,  i t  is  t h e o r e t i c a l l y  p o s s i b l e  t o  d e t e c t  
t h e  e f f e c t  of many t e s s e r a l  harmonic c o e f f i c i e n t s  from a  g i v e n  r e s o n a n t  
o r b i t .  
The p h y s i c a l  r e a s o n  f o r  t h e  e x i s t e n c e  o f  t h e  m u l t i p l e  b e a t  f r e -  
quency phenomenon is  due t o  t h e  combinat ion of two e f f e c t s .  O r b i t a l  
e c c e n t r i c i t y  c a u s e s  a  s a t e l l i t e  t o  be  more s t r o n g l y  a t t r a c t e d  by t h e  
bu lges  due t o  t e s s e r a l  c o e f f i c i e n t s  a t  one p a r t  o f  t h e  o r b i t  ( n e a r  
p e r i g e e )  t h a n  t h e  o t h e r .  I n  a d d i t i o n ,  t h e  argument of p e r i g e e  has  t h e  
r a t e  h which s l o w l y  moves t h e  p o i n t  of s t r o n g e s t  a t t r a c t i o n  around 
t h e  o r b i t .  The t e s s e r a l  harmonics  have b o t h  zona l  ( a ,  l a t i t u d e )  and 
s e c t o r a l  (m, l o n g i t u d e )  dependence.  The e a r t h ' s  r o t a t i o n  makes a  
f a m i l y  o f  t h e  t e s s e r a l  harmonics  (common ni) r e s o n a t e  w i t h  t h e  o r b i t .  
The members o f  t h i s  f a m i l y  e a c h  h a v e . a  d i f f e r e n t  l a t i t u d e  dependence,  
however,  and s o  t h e  p o i n t  o f  maximum a t t r a c t i o n  d w e l l s  f o r  d i f f e r e n t  
d u r a t i o n s  and w i t h  d i f f e r e n t  f r e q u e n c y  n e a r  e a c h .  Thus ,  t h e  long-per iod  
p e r t u r b a t i o n s  a s s o c i a t e d  w i t h  a  s l i g h t l y - o f f  r e s o n a n t  c o n d i t i o n  does  n o t  
e x a c t l y  c o i n c i d e  w i t h  t h e  r e p e a t a b i l i t y  o f  t h e  node p a s s i n g  t h r o u g h  a 
wave l e n g t h  of  t h e  s e c t o r a l  dependence;  r a t h e r ,  t h e  long-per iod  e f f e c t s  
a r e  d i f f e r e n t ,  i n  g e n e r a l ,  f o r  e a c h  l a t i t u d e  dependence.  These  e f f e c t s  
show u p  i n  expanded powers of e and m u l t i p l e s  of  w. 
The r a t e s  h, k, and h a r e  n o t  u s u a l l y  c o n s t a n t  i n  t h e  r e s o n a n t  
s i t u a t i o n ,  s o ,  f o l l o w i n g  Ref.  2-7, c o n s i d e r  t h e  a c c e l e r a t i o n  o f  t h e  
e l e m e n t s .  I f  t h e  e l e m e n t s  a r e  d e s i g n a t e d  x where i = 1, . . ., 6 ,  
i 
t h e n  
A l l  q u a n t i t i e s  b u t  M a r e  o f  o r d e r  J ~ m  . F o r  a c c e l e r a t i o n  o f  mean 
anomaly,  
3 n  . M - - - -  i 2  a mpq 2  a  Ampq + o ( J ~ ~  • *impq) + C ( J ~ m )  
(a-m) even  
0 
Although Eq. 2 .10  i s  an a p p r o x i m a t i o n ,  i t  c a n  be  used t o  d e t e r -  
mine t h e  r e l a t i v e  magni tudes  o f  t h e  p e r t u r b a t i o n s  t o  t h e  i n - t r a c k  
p o s i t i o n  o f  a  s a t e l l i t e  i n  a n e a r - r e s o n a n t  o r b i t .  Two remarks  can  be 
made abou t  t h i s  e q u a t i o n :  
. . (1) Because Memp - (%/a) ' ,  t h e  e f f e c t s  o f  h i g h e r  d e g r e e  terms 
e r e  a t t e n u a t d .  
2* G4p ( e )  i s  p r o p o r t i o n a l  t o  el . Thus,  h i g h e r  v a l u e s  of 191 
t e n 8  t o  d e c r e a s e  MAmpq T h i s  is  e s p e c i a l l y  t r u e  f o r  s m a l l  
e c c e n t r i c i t y .  The h i g h e s t  p o s s i b l e  e c c e n t r i c i t y  is t h e r e f o r e  
d e s i r a b l e .  
For a r e s o n a n t  o r b i t ,  t h e  number o f  p a i r s  (J h ) of  unknowns which 
am' dm 
can be de te rmined  i s  e q u a l  t o  t h e  number o f  d i s t i n c t  b e a t  f r e q u e n c i e s  
which can be measured from t h e  i n - t r a c k  p e r t u r b a t i o n .  T h i s  i s  t r u e ,  
provided t h a t  t h e  s a t e l l i t e  r emains  i n . t h e  o r b i t  f o r  a t  l e a s t  one-half  
t h e  p e r i o d  o f  t h e  s m a l l e s t  r e q u i r e d  b e a t  f requency .  Thus,  it is  impor tan t  
t h a t  t h e  o r b i t  be "tuned" c l o s e l y  enough t o  e x a c t  commensurab i l i ty  s o  
t h a t  t h e  r e s o n a n t  e f f e c t  i s  a  l a r g e  one ,  and ye t  p r e f e r a b l y  n o t  s o  c l o s e  
t h a t  one b e a t  p e r i o d  i s  t o o  l o n g  t o  o b s e r v e  i n  t h e  s a t e l l i t e  l i f e t i m e ,  
To d e t e r m i n e  which r e s o n a n t  o r b i t s  shou ld  be used t o  o b t a i n ' p a r t i c u l a r  
. . (Jim, him), t h e  magnitude of M i s  computed ( u s i n g  h y p o t h e t i c a l  
4 mpq 
v a l u e s  f o r  J ) and examined f o r  m e a s u r a b i l i t y .  The e c c e n t r i c i t y  is  4m 
ass igned  a  v a l u e  which seems v e r y  c o m f o r t a b l e  f o r  a  Drag-Free S a t e l l i t e  
and t h e  dependence upon i n c l i n a t i o n  is  i n v e s t i g a t e d  by l e t t i n g  i n c l i n a -  
i iu i i  rfrllge ~ L ' O I I L  Go t o  S O 0 .  
The S e l e c t i o n  of Resonant O r b i t s  
The above a n a l y s i s  s u g g e s t s  t h a t  t h e  f o l l o w i n g  p r o c e d u r e s  shou ld  
be used i n  s e l e c t i n g  r e s o n a n t  o r b i t s  f o r  d e t e r m i n a t i o n  o f  p o o r l y  known 
t e s s e r a l  harmonic c o e f f i c i e n t s .  
( a )  Determine which t e s s e r a l  harmonic terms c a n  be a d e q u a t e l y  
measured by o b s e r v i n g  t h e  medium-period p e r t u r b a t i o n s  o f  
e x i s t i n g  s a t e l l i t e s .  
(b)  F o r  i m p o r t a n t  t e r m s  n o t  o b t a i n a b l e  from e x i s t i n g  s a t e l l i t e s ,  
i n v e s t i g , a t e  t h e  p o s s i b i l i t y  o f  d e t e r m i n a t i o n  from s a t e l l i t e s  
p l a c e d  i n  r e s o n a n t  o r b i t s .  The o r d e r  (m) o f  t h e  terms d e t e r -  
mines t h e  semi-major a x i s  o f  t h e  o r b i t  r e q u i r e d .  The i n c l i n a -  
t i o n  o f  t h e  o r b i t  shou ld  be chosen s o  t h e  r e s u l t i n g  a c c e l e r a -  
t i o n s  i n  mean anomaly ( G )  f o r  each  term of o r d e r  m i s  l a r g e  
enough t o  p roduce  a  d e t e c t a b l e  e f f e c t .  The t o t a l  e f f e c t  can  
be de te rmined  by computing ii vs  i f o r  t h e  v a r i o u s  combina- 
t i o n s  o f  ( d ,  m ,  p ,  q )  o f  i n t e r e s t .  For  example,  suppose 
i t  is  de te rmined  from a  series of  M v s  i p l o t s  t h a t  an 
i n c l i n a t i o n  e x i s t s  such  t h a t  i n - t r a c k  p e r t u r b a t i o n s  a r e  
measurab le  f o r  q i n  t h e  r a n g e  - 3  t o  +3.  Then seven  
p a i r s  (Jim, h ) can  be de te rmined  from t h i s  o r b i t .  I f  4'" 
t h e r e  a r e  t e n  p a i r s  o f  c o e f f i c i e n t s  r e q u i r e d  w i t h  t h i s  
p a r t i c u l a r  o r d e r  m ,  t h e n  a t  l e a s t  two o r b i t s  w i l l  be 
r e q u i r e d  f o r  t h i s  p a r t i c u l a r  semi-major a x i s .  
( c )  T h i s  p rocedure  c a n  be r e p e a t e d  f o r  each m i n  t h e  range  o f  
o r d e r s  o f  t h e  ( Jam,h lm)  terms sought .  If a  r a n g e  o f  
a c c e p t a b l e  i n c l i n a t i o n s  e x i s t s  f o r  any two a d j a c e n t  v a l u e s  of 
m ,  t h e n  s a t e l l i t e s  c a n  be p u t  i n t o  bo th  t h e s e  o r b i t s ,  u s i n g  
t h e  same b o o s t e r ,  w i t h o u t  a  plane-change maneuver. 
. (d)  I f  a  d e s i r e d  p a i r  o f  c o e f f i c i e n t s  ( J a m , h j m )  c a n  be o n l y  
m a r g i n a l l y  de te rmined  from a  p a r t i c u l a r  r e s o n a n t  o r b i t ,  a  
comparison must be made o f  t h e  r e l a t i v e  merits of e s t a b l i s h i n g  
t h a t  o r b i t  o r  t r y i n g  t o  d e t e r m i n e  t h e  c o e f f i c i e n t s  from t h e  
medium-period p e r t u r b a t i o n s  on  a n o t h e r  o r b i t .  
A s  i n d i c a t e d  b e f o r e , .  c o e f f i c i e n t s  o f  d e g r e e  7-15 and o r d e r  3-10 
a r e  o f  p r i m a r y  i n t e r e s t .  I t  i s  f e a s i b l e  t o  d e t e r n i n e  a l l  t h e s e  c o e f f i -  
c i e n t s  from f o u r  s a t e l l i t e s  which have o r b i t a l  f r e q u e n c i e s  o f  3,  4 ,  5 ,  
and 7  times. p e r  day.  
. . 
3. Computation of The Amplitude of M),mD, 
I M) max vs i computa t ions  have been made f o r  d i f f e r e n t  c o e f f i c i e n t s  
i n  b o t h  Refs .  2-7 and 2-9. I n  t h e s e  s t u d i e s ,  however, t h e  v a l u e  o f  q  
was l i m i t e d  t o  0 and 2 1. Here, because  we a r e  l o o k i n g  f o r  a  measure 
of t h e  p e r t u r b a t i o n s  due  t o  many b e a t  f r e q u e n c i e s ,  t h e s e  computati ,ons 
need t o  be expanded. 
The h y p o t h e t i c a l  v a l u e  o f  J used i n  t h e  computat ion o f  t h e  
a m  
a m p l i t u d e  o f  
- 
where J i s  t h e  normal ized c o e f f i c i e n t .  Kaula [Ref .  2-52 g i v e s  t h e  
. a m  
approximat  i o n  
and A l l a n  [Ref .  2-91 u s e s  
which a r e  n e a r l y  e q u i v a l e n t .  Although p u b l i s h e d  e s t i m a t e s  o f  a c t u a l  
h ) th rough  (15, 15)  e x i s t ,  t h e s e  o n l y  t end  t o  c o n f u s e  t h i s  ( J a m '  e m  
a n a l y s i s ,  s o  E q .  2.12 is  'used i n s t e a d .  
To d e t e r m i n e  c o e f f i c i e n t s  o f  d e g r e e  7-15 from a  s i n g l e  o r b i t ,  a t  
l e a s t  n i n e  b e a t  f r e q u e n c i e s  must be  d e t e c t a b l e .  To g e t  an  i d e a  o f  how 
t h e  p e r t u r b a t i o n  i s  a t t e n u a t e d  by i n c r e a s i n g  I q l ,  a  s e r i e s  o f  computer 
r u n s  o f  1 ~ 1  v s i was made f o r  m = 7, r a n g i n g  from 7  th rough  1 5 ,  
and q  r a n g i n g  from -4 t o  +6. The a l t i t u d e  o f  p e r i g e e  was chosen a s  
450 km which i s  e a s i l y  w i t h i n  t h e  c a p a b i l i t y  o f  a  l o n g - l i f e  Drag-Free 
S a t e l l i t e .  The semi-major a x i s  was e s t a b l i s h e d  a s  t h a t  r e q u i r e d  f o r  a  
s a t e l l i t e  t o  o r b i t  t h e  e a r t h  s e v e n  t i m e s  p e r  day.  The o u t p u t  o f  t h e s e  
r u n s  c o n s i s t s  of  a  s e r i e s  o f  p l o t s  o f  I M) (denoted by I MDDOTI ) vs i 
--a is f c ~ n d  i~ h2;endix A .  Sere, the i n d e x  s i s  t h e  nugher  oP nrh.j.ts .A&" 
p e r  day. The q u a n t i t y  (a  - 2p + q )  i n  E q .  2.10 is  r e p l a c e d  by (m/s), 
R e f e r r i n g  t o  Appendix A ,  i t  i s  s e e n  t h a t ,  i n  g e n e r a l ,  t h e  magnitude 
o f  ( M I  does  indeed  d e c r e a s e  w i t h  i n c r e a s e d  j .  and I q l  . I t  was d e s i r e d  
t o  d e t e r m i n e  how l a r g e  t h e  i n - t r a c k  r e s o n a n t  o r b i t  p e r t u r b a t i o n s  a r e  
due  t o  t h e  r e l e v a n t  c o e f f i c i e n t s  o f  o r d e r  m = s. I t  a l s o  was n e c e s s a r y  
t o  d e t e r m i n e  i f  measurable  p e r t u r b a t i o n s  e x i s t  c o r r e s p o n d i n g  t o  each  
b e a t  f requency .  Consequent ly ,  t h e  i n d e x  q  = 0 was a s s i g n e d  t o  t h e  
( 4 , ~ )  = (15 ,7 )  combinat ion and o t h e r  q ' s  were a s s i g n e d  t o  o t h e r  com- 
b i n a t i o n s  o f  lower  d e g r e e  j ,  
Another s e r i e s  o f  computa t ions  o f  1ii 1 was made f o r  r e s o n a n t  o r b i t s  
w i t h  s = m r a n g i n g  from 3-6 and 8-12 w i t h  a l t i t u d e  o f  p e r i g e e  a t  
450  km. The combina t ions  o f  ( j , p , q )  i n v e s t i g a t e d  i n  p a r t i c u l a r  were 
(15,  7,  0 ) ,  (14,  7,  11, (13,  7 ,  21,  (12,  5 ,  - I ) ,  (11, 4 ,  -21, (10,  6 ,  31, 
( 9 ,  6 ,  4 ) ,  (8, 2 ,  - 3 ) ,  and (7 ,  1, -4) a l t h o u g h  some o t h e r  combina t ions  
were i n c l u d e d .  The p l o t s  from t h e s e  r u n s  a r e  p r e s e n t e d  i n  Appendix B. 
By examining t h e  p l o t s  o f  Appendices A and B,  i t  c a n  be s e e n  t h a t  
t h e  g e n e r a l  l e v e l  of 1fi1 o v e r  t h e  r a n g e  o f  i n c l i n a t i o n s  i n c r e a s e s  w i t h  
i n c r e a s i n g  o r d e r  m. T h i s  i s  p r i m a r i l y  due t o  t h e  d e c r e a s e  i n  semi- 
major  a x i s  a s  m i s ' i n c r e a s e d  w i t h  p e r i g e e  a l t i t u d e  h e l d  c o n s t a n t .  I t  
c a n  a l s o  be s e e n  t h a t  t h e r e  a r e  s e v e r a l  p l a c e s  where 1 ~ 1  s h a r p l y  d e c r e a s e s  
and t h e n  i n c r e a s e s  a s  i n c l i n a t i o n  i s  changed. These  p l a c e s  cor respond  
t o  p o i n t s  where t h e  i n c l i n a t i o n  f u n c t i o n  F ( i )  changes  s i g n s .  Such 
c r o s s o v e r  i n c l i n a t i o n s  s h o u l d  be avoided.  I f  one removes from c o n s i d e r -  
a t i o n ,  t h e  n e a r  ne ighborhood 'o f  c r i t i c a l  i n c l i n a t i o n ,  t h o s e  i n c l i n a t i o n s  
c o r r e s p o n d i n g  t o  c r o s s o v e r  p o i n t s ,  and t h o s e  w i t h  M less t h a n  what can  
be  r e g a r d e d  a s  a  minimum d e t e c t a b l e  l e v e l ,  t h e n  what remains  a r e  t h o s e  
r a n g e s  o f  i c o n s t i t u t i n g  p o s s i b l e  i n c l i n a t i o n s  f o r  a  geodesy s a t e l -  
l i t e .  
I f  t h e  minimum b e a t  p e r i o d  i s  60 d a y s ,  an a c c e l e r a t i o n  w i t h  maximum 
v a l u e  o f  deg/day2 w i l l  r e s u l t  r o u g h l y  i n  an  i n t r a c k  p e r t u r b a -  
t i o n  o f  a m p l i t u d e  between 100  and 1 , 0 0 0  mete r s .  Thus ,  one c a n  c o n s i d e r  
an 1 ~ 1  of  deg/day2 o r  l a r g e r  a s  c o n s t i t u t i n g  a  s u b s t a n t i a l l y  
- 6  2 
measurab le  e f f e c t ,  I M  1 between 1 0  and deg/day a s  b e i n g  margin- 
a l l y  d e t e c t a b l e ,  and I M I  less t h a n  deg/day2 a s  be ing  u n d e t e c t a b l e .  
Applying t h i s  c r i t e r i o n  t o  t h e  d a t a  o f  Appendix B ,  one c a n  see t h a t  t h e  
'15,3' '14,3' '13,3' '7,3' and J15,4 t e rms  f o r  t h e  combina t ions  of 
( p , q )  chosen a r e  o n l y  m a r g i n a l l y  d e t e c t a b l e .  ( I n  f a c t ,  t h e  g e n e r a l  
magni tude o f  t h e  a c c e l e r a t i o n  o f  J15, 3  i s  s o  s m a l l  t h a t  u n l e s s  c l o s e  
t u n i n g  c a n  be a c h i e v e d ,  i t  c a n  be a s  a c c u r a t e l y  p r e d i c t e d  from medium 
p e r i o d  e f f e c t s  on low s a t e l l i t e s . )  The r e s t  o f  t h e  c o e f f i c i e n t  combi- 
n a t i o n s  t e n d  t o  have l a r g e  r a n g e s  o f  q u i t e  d e t e c t a b l e  a c c e l e r a t i o n s .  
A s  a n  example o f  t h e  mean anomaly a c c e l e r a t i o n s  I M ~  , f o r  t h e  
d i s t i n c t  combina t ions  o f  ( a ,  m ,  p ,  q )  i n v e s t i g a t e d ,  T a b l e  2-1 was p repared  
f o r  v a r i o u s  v a l u e s  o f  m. Two v a l u e s  o f  i n c l i n a t i o n  a r e  shown f o r  t h e  
o r b i t s  w i t h  s = 3-6. F o r  t h e  i n c l i n a t i o n s  shown, o n l y  
'15,3 i s  no t  
d e t e c t a b l e ,  '14,3' J13 ,39  '12.3' J 7 , 3 '  '15,4' '7,4' and J a r e  
7 , 6  
m a r g i n a l l y  d e t e c t a b l e ,  and t h e  rest a r e  e a s i l y  d e t e c t a b l e  by t h e  c r i -  
t e r i o n  g i v e n  above. T h i s  is dependen t ,  o f  c o u r s e ,  upon t h e  p a r t i c u l z r  
combina t ions  o f  ( p , q )  chosen .  
C o n s i d e r  now t h e  p o s s i b i l i t y  o f  d e t e r m i n i n g  c o e f f i c i e n t s  from o r b i t s  
where m = 2 s ;  3 s ,  and 4 s ,  i . e . ,  c o n d i t i o n s  o f  g r e a t e r  t h a n  one-day 
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commensurabili ty.  S ince  
t hen  f o r  f i x e d  ( a ,  m,  p ) ,  t h e  a t t e n u a t i o n  of I M ~  f o r  t h e  h igher  o r b i t  
w i l l  be 
'- Here, t h e  i n d i c e s  1 and 2 r e p r e s e n t  t hose  q u a n t i t i e s  corresponding t o  
t h e  lower and h ighe r  o r b i t  r e s p e c t i v e l y .  The va lue  of  
q2 c o r r e s -  
ponding t o  G2(e) is  equa l  t o  (q + S /S ) where ql corresponds t o  1 1 2  
(a + 2p + ql) = m / s l ,  Tab les  2-2, 2-3, a n d  2-4 show r a t i o s  of I M ~ I / I M ~ I  
f o r  m = 6, 9,  and 12  i n . t h e  s = 3  o r b i t ,  m = 8  and 1 2  i n  t h e  s = 4  
o r b i t ,  and m = 1 0  i n  t h e  s = 5  o r b i t .  Table  2-5 shows t h e  r e s u l t i n g  
. . 
Val..n- ,,, of 1511 fsr I . f i~l i i ia ' i lo i i~  of 58" Tor s = 3, 50' f o r  s = 4 ,  and 
52' f o r  s = 5  o r b i t s .  It can  be seen  t h a t  except  f o r  J15, 6' a l l  
ove r tone  c o e f f i c i e n t s  a r e  a t  l e a s t  marg ina l ly  d e t e c t a b l e  i n  t h e  s = 3  
o r b i t .  For  s = 4,  o n l y  t h e  
'12,8 term i s  marg ina l ly  d e t e c t a b l e  w i th  
t h e  rest being q u i t e  d e t e c t a b l e  by t h e  above c r i t e r i a .  For  s = 5 ,  
a l l  m = 1 0  terms a r e  q u i t e  d e t e c t a b l e .  It must be remarked t h a t  no 
s p e c i a l  e f f o r t  was made t o  maximize t h e  e f f e c t  of  t h e  over tone  terms 
i n  s e l e c t i n g  t h e  i n c l i n a t i o n s  used f o r  Table  2-5. With f u r t h e r  e f f o r t ,  
t h e r e  can  undoubtedly be improvement. The p o i n t  i s  t h a t  a  g r e a t  d e a l  
of in format ion  can be ob t a ined  from t h e  s = 3, 4 ,  and 5  resonant  
o r b i t s  i n  a d d i t i o n  t o  what i s  o b t a i n a b l e  from t h e  fundamental bea t  
f r equenc i e s .  I n  f a c t ,  a l l  but t h r e e  of t h e  72 p a i r s  of t h e  d e s i r e d  
c o e f f i c i e n t s  can  be found from t h o s e  o r b i t s .  I t  a l s o  must be emphasized 
t h a t  t h e  cho ice  of  c u t o f f  p o i n t s  between what a r e  r e f e r r e d  t o  a s  unde tec t -  
a b l e ,  marg ina l ,  and q u i t e  d e t e c t a b l e  p e r t u r b a t i o n s  i s  s t r o n g l y  dependent 
upon u n c e r t a i n t i e s  due t o  t r a c k i n g  and p e r t u r b i n g  s u r f a c e  f o r c e s  on t h e  
s a t e l l i t e .  For a  Drag-Free S a t e l l i t e ,  t h e  e f f e c t  of s u r f a c e  f o r c e s  
can be a t t e n u a t e d  t o  t h e  p o i n t  where t r a c k i n g  u n c e r t a i n t y  is  t h e  major 
l i m i t i n g  f a c t o r .  
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4 .  Add i t i ona l  Advantage o f  t h e  Drag-Free S a t e l l i t e  f o r  O r b i t s  of 
Small Major Axes. ,,' 
To de te rmine  t h e  c o e f f i c i e n t s  of  t h e  harmonic expansion of t h e  
e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l  from s a t e l l i t e  p e r t u r b a t i o n s ,  i t  i s  
important  t h a t  t h e s e  p e r t u r b a t i o n s  no t  be obscured by o t h e r  f o r c e s  such 
a s  t hose  due t o  r a d i a t i o n  p r e s s u r e  and atmospheric  p r e s s u r e ,  Because 
t h e s e  f o r c e s  a r e  always p r e s e n t  t o  some degree ,  t h e i r  e f f e c t i v e  removal 
by use of  a  Drag-Free Geodet ic  S a t e l l i t e  w i l l  always produce more 
conf idence  i n  t h e  v a l i d i t y  of  t h e  t r a c k i n g  da t a .  The s i t u a t i o n  i n  
which g r e a t e s t  improvement would be ob t a ined  i s  wi th  o r b i t s  of  low 
pe r igee  a l t i t u d e .  
I n  t h e  l i t e r a t u r e  [ ~ e f s .  2-1- through 2-43, i t  i s  r epo r t ed  t h a t  
t h e r e  a r e  a 'number of  resonant  s a t e l l i t e s  i n  t h e  range s = 11-15 and 
t h a t  t h e  c o e f f i c i e n t s  w i th  t h e s e  o r d e r s  can  be reasonably  wel l  d e t e r -  
mined. I f  one c o n s i d e r s  a  c i r c u l a r  o r b i t  wi th  a  f requency of  14  rev/day, 
because of  t h e  e f a c t o r  i n  t h e  G(e) f u n c t i o n ,  on ly  t h e  bea t  f r e -  
quency cor responding  t o  q  = 0 is  d e t e c t a b l e .  One cannot  assume t h a t  
f o r  > 1 4 ,  t h e  t e s s e r a l  c o e f f i c i e n t s  a r e  s o  smal l  t h a t  t h e i r  e f f e c t  
i s  n e g l i g i b l e  i f  Eq. 2.11 and 2.12 a r e  v a l i d .  I n  o t h e r  words, f o r  a 
c i r c u l a r  o r b i t ,  
the '15,14' '17,14' and 'l9,14 c o e f f i c i e n t s  w i l l  a l l  
s i g n i f i c a n t l y  a f f e c t  t h e  q  = 0 p e r t u r b a t i o n .  Thus, one must make t h e  
o r b i t  a s  e c c e n t r i c  a s  p o s s i b l e  t o  o b t a i n ' t h e s e  c o e f f i c i e n t s  by . increas-  
i n g  t h e  number o f  d e t e c t a b l e  bea t  f r equenc i e s .  A Drag-Free S a t e l l i t e  
can  c o n t r i b u t e  s i g n i f i c a n t l y  he re  by a l lowing  t h e  low pe r igee  a l t i t u d e s  
neces sa ry  f o r  i n c r e a s i n g  e c c e n t r i c i t y  t o  an accep tab l e  va lue .  
To i l l u s t r a t e  t h e  e f f e c t  of  an i n c r e a s e  i n  e c c e n t r i c i t y ,  Table  2-6 
was prepared  showing t h e  change i n  t h e  magnitude of t h e  G ( e )  
ampq 
f u n c t i o n  f o r  t h e  s = 14 o r b i t .  The va lues  of degree  ranged from 
14-20 and q  from -3 t o  +3 which would produce 7 beat  f r equenc i e s .  
The e c c e n t r i c i t i e s  used correspond t o  p e r i g e e  a l t i t u d e s  of 350, 500, 
650, and 800 km. Appendix C c o n t a i n s  t h e  I M ~  vs  i p l o t s  corresponding 
t o  t h i s  range  o f  i n d i c e s  f o r  an a l t i t u d e  of  350 km. To de te rmine  t h e  
181 f o r  any o t h e r  p e r i g e e  a l t i t u d e ,  m u l t i p l y  l4bo by d ( e ) / ~ ( 0 . 0 7 4 8 ) .  
For  example, when i = 50, t h e  fo l l owing  r e s u l t s  a r e  ob ta ined  i n  a 
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comparison of the 350 and 800 km perigee altitude cases. 
It. is evident that the eccentricity effect is significant for Iq l  > 2. 
TABLE 2-6 
COMPARISON O F  hlEAN ANOhfALY ACCELERATIONS FOR 
FOR P E R I G E E S  O F  350 and 800 KM 
The perturbations due to coefficients of degree > 15 seem to be 
substantial. 
a 
14 
15 
16 
24.748 0.622 
26.38 
I 332.51 209.20 
I ' 20 10  171.72 21.82 
I 
> 
deg/da 2 
P 
5 
6 
li!3501 X l o 5  
2.752 
32.754 
1.240 
q 
- 3 
-2 
9 ' 3  
5 
1G8001 X lo 
0.013 
0.850 
0.006 
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111. SATELLITE DESIGN 
-
S i n c e  1963, S t a n f o r d  U n i v e r s i t y  h a s  been d e v e l o p i n g  d r a g - f r e e  t e c h -  
nology f o r  a p p l i c a t i o n  t o  s e v e r a l  p o s s i b l e  m i s s i o n s  (e .g . ,  a n  aeronomy 
m i s s i o n ,  and a n  unsupported gyroscope  m i s s i o n ) .  Throughout t .h i s  work, 
we have become convinced t h a t  i t  is p o s s i b l e  t o  b u i l d  t h e  b a s i c  mechanism 
(proof  mass, p i c k o f f ,  p r o c e s s i n g  e l e c t r o n i c s ,  and t h r u s t i n g  sys tem)  
w i t h  s t a n d a r d  s t a t e - o f - t h e - a r t  f l i g h t  hardware and t e c h n i q u e s .  The 
i n t e r f a c e  o f  t h e  d r a g - f r e e  d e v i c e  w i t h  t h e  r e s t  o f  t h e  s a t e l l i t e  c a n  
be s imple  o r  c o m p l i c a t e d  depending on t h e  r e q u i r e m e n t s  f o r  t h e  o t h e r  
a s p e c t s  of t h e  m i s s i o n  ( o t h e r  e x p e r i m e n t s ,  p h y s i c a l  c o n f i g u r a t i o n  con- 
s t r a i n t s ,  k ind  o f  t e l e m e t r y  d e s i r e d  from t h e  d r a g - f r e e  mechanism, e t c . ) .  
Refe rence  3-1, f o r  example,  p roposes  a  v e r y  s i m p l e  complete  Drag-Free 
S a t e l l i t e  f o r  u s e  i n  a  low a l t i t u d e  aeronomy miss ion .  
The d i s c u s s i o n  i n  t h i s  p a r t  of t h e  r e p o r t  h a s  t h e r e f o r e  been l i m i t e d  
t o  t h e  f e a s i b i l i t y  03 a p p l y i n g  t h e  d r a g - f r e e  p r i n c i p l e  t o  goedesy miss ions .  
I n  p a r t i c u l a r ,  i t  is  concerned w i t h  any s p e c i a l  r e q u i r e m e n t s  a r i s i n g  
th rough  a p p i i c e t i o n  t o  geoaesy.  
The d r a g - f r e e  d e v i c e  v e r y  e f f e c t i v e l y  c a n c e l s  t h e  d i s t u r b i n g  a c c e l -  
e r a t i o n s  due  t o  s u r f a c e  f o r c e s  such  a s  a tmospher ic  d r a g  and s o l a r  r a d i a -  
t i o n  p r e s s u r e .  The l a r g e s t  remaining non-geodet ic  d i s t u r b i n g  a c c e l e r a t i o n  
is  t h a t  due t o  t h e  mass a t t r a c t i o n  of t h e  s a t e l l i t e  i t s e l f  on t h e  proof  
mass.' T h i s  a c c e l e r a t i o n  c a n  be a s  low a s  10-llg o r  a s  h igh  a s  pe rhaps  
-8 10 g  depending on t h e  c a r e  w i t h  which one manages t h e  mass d i s t r i b u t i o n  
w i t h i n  t h e  s a t e l l i t e  ( p a r t i c u l a r l y  t h e  masses w i t h i n  s a y ,  1 0  cm of t h e  
proof  mass).  
The p r i n c i p a l  component o f  t h i s  mass a t t r a c t i o n  i s  due t o  t h e  f a c t  
t h a t  t h e  s a t e l l i t e  mass c e n t e r  does  n o t  n e c e s s a r i l y  c o i n c i d e  w i t h  a p o i n t  
of z e r o  mass a t t r a c t i o n .  S i n c e  t h e  proof  mass i s  nomina l ly  a t  t h e  
s a t e l l i t e  mass c e n t e r  and t h e  p o i n t s  of z e r o  mass a t t r a c t i o n  a r e  f i x e d  
p o i n t s  i n  t h e  s a t e l l i t e ,  s p i n n i n g  t h e  s a t e l l i t e  about  an a x i s  normal t o  
t h e  o r b i t  p l a n e  w i l l  t e n d  t o  average  t h e  o r b i t  p l a n e  components of t h i s  
f o r c e .  T h i s  w i l l  r educe  t h e  i n t r a c k  d i s t u r b i n g  a c c e l e r a t i o n  by about  
2 o r d e r s  of magni.tude below t h a t  a t t a i n a b l e  w i t h o u t  s p i n .  
Sec t ions  A and B  which f o l l o w ,  p re sen t  s o l u t i o n s  t o  problems 
which a r i s e  f o r  a  sp inn ing  Drag-Free Geodetic S a t e l l i t e .  F i r s t ,  a c t i v e  
a t t i t u d e  c o n t r o l  t o  main ta in  t h e  s p i n  a x i s  normal t o  t h e  o r b i t  p lane ;  
t h e n ,  phenomena i n  t h e  t r a n s l a t i o n a l  c o n t r o l  uniquely a s soc i a t ed  wi th  
s p i n  and t h e  system mechanizat ion a r e  d i scussed .  
I t  is  not  necessary ,  of cou r se ,  t h a t  a  Drag-Free Geodesy S a t e l l i t e  
be s p i n  s t a b i l i z e d .  Qui te  u s e f u l  geode t i c  in format ion  could be ob ta ined  
wi th  a  g r a v i t y  s t a b i l i z e d  Drag-Free S a t e l l i t e ,  such a s  GEOS-C wi th  a  
modular, add-on drag- f ree  package. With such a  s a t e , l l i t e ,  t h e r e  is t h e  
ques t i on  of whether o r  no t  t h e  t r a n s l a t i o n a l  c o n t r o l  system could couple  
i n t o  a t t i t u d e  motion ( through misalignment e r r o r s  i n  t h e  p ickof f  and 
t h r u s t o r s )  i n  such a  way a s  t o  cause  a t t i t u d e  i n s t a b i l i t y .  Th i s  t o p i c  
is  d iscussed  i n  t h e  f i n a l  s e c t i o n  of t h i s  Chapter .  
A. MAGNETIC ATTITUDE CONTROL OF A SPINNING DRAG-FREE GEODESY SATELLITE 
A s  d i scussed  i n  Chapters  I and I d ,  i n t r a c t  p e r t u r b a t i o n  of a  
Drag-Free S a t e l l i t e  i s  t h e  e f f e c t  which con ta in s  t h e  most s i g n i f i c a n t  
geode t i c  information.  I t  is  d e s i r a b l e  t o  minimize as  much a s  p o s s i b l e ,  
t h e  e f f e c t  of a l l  o t h e r  i n t r a c k  d i s t u r b a n c e s  from t h e s e  measurements. 
Th i s  can  be done most e a s i l y  w i th  a  sp inning  Drag-Free S a t e l l i t e  wi th  
s p i n  a x i s  normal t o  t h e  o r b i t  p lane .  The sp inning  motion a l lows  very 
e f f e c t i v e  averaging i n  t h e  o r b i t  p lane  of t h e  major components of mass 
a t t r a c t i o n  of t h e  s a t ' k l l i t e  mass on t h e  proof mass. 
Because many d i s t u r b a n c e  t o rques  a r e  p re sen t  which can d r i v e  t h e  
s p i n  a x i s  from t h e  o r b i t  p lane  normal and change t h e  s a t e l l i t e ' s  s p i n  
speed,  an a t t i t u d e  c o n t r o l  system must bo provided t o  c o r r e c t  f o r  these .  
An e x c e l l e n t  method of p rov id ing  t h i s  a t t i t u d e  c o n t r o l  f o r  t h e  o r b i t s  
of i n t e r e s t  i s  t o  make use of t h e  e a r t h ' s  magnetic f i e l d .  By c r e a t i n g  
a magnetic d i p o l e  moment i n  t h e  s a t e l l i t e ,  a  to rque  i s  produced on t h e  
s a t e l l i t e  as  t h i s  moment tr ies t o  a l i g n  wi th  t h e  e a r t h ' s  magnetic f i e l d .  
By c o n t r o l l i n g  t h e  d i r e c t i o n  of t h e  d i p o l e  moment, one has  t h e  a b i l i t y  
t o  c o n t r o l  both t h e  ' po in t ing  d i r e c t i o n  and s p i n  speed of t h e  s a t e l l i t e .  
The bas i c  i dea  of magnetic a t t i t u d e  c o n t r o l  i s  not  new and has been 
s t u d i e d  e x t e n s i v e l y  and used i n  s e v e r a l  s a t e l l i t e  systems. I n  t h e  
fo l lowing  s e c t i o n s ,  a  new mel;bod of t h r ee -ax i s  magnetic a t t i t u d e  c o n t r o l  
is developed which can r e l y  on a  s i n g l e  magnetic c o i l .  F i r s t ,  t h e  
l i n e a r i z e d  equa t ions  of a t t i t u d e  motion a r e  developed and t h e  e f f e c t  of 
a  n u t a t i o n  damper i s  added. Then, a  b r i e f  review of d i s tu rbance  to rques  
a c t i n g  on t h e  s a t e l l i t e  is  presen ted .  Following t h i s  is  a  d i s c u s s i o n  
of t h e  u s e  of a  s t a t e  e s t i m a t o r  d r i v e n  by hor izon  senso r s  t o  determine 
t h e  a t t i t u d e  e r r o r s .  With t h i s  i n fo rma t ion ,  t h e  magnetic a t t i t u d e  c o n t r o l  
system is  developed f o r  a  s a t e l l i t e  wi th  mass symmetry about t h e  s p i n  
a x i s .  Th i s  system has t h r e e  modes s o  t h a t  both po in t ing  c o n t r o l  and 
s p i n  c o n t r o l  can  be .ach ieved .  A procedure f o r  determining c o n t r o l  ga in s  
which w i l l  provide an average optimum performance is presen ted .  S t a b i l i t y  
is demonstrated by us ing  Lyapunov and averag ing  techniques.  Then, a  
b r i e f  summary is  made of t h e  analog and d i g i t a l  s imu la t i ons  of t h i s  
a t t i t u d e  c o n t r o l  system. 
1. The A t t i t u d e  Dynamics of Rigid Spinning Spacec ra f t  
I n  t h i s  p a r t ,  equa t ions  r e p r e s e n t i n g  t h e  dynamics of t h e  sp inn ing  
s p a c e c r a f t  wi th  r e s p e c t  t o  r e l e v a n t  c o o r d i n a t e  systems a r e  developed a s  
a  means of n o t a t i o n  and coo rd ina t e  system d e f i n i t i o n .  
a. Spacec ra f t  K ine t i c s .  
I f  i t  is  assumed t h a t  t h e  c o n t r o l  axes ( t h e  axes about which 
c o n t r o l  t o rques  can be a p p l i e d )  a r e  t h e  p r i n c i p a l  i n e r t i a  axes f o r  t h e  
s p a c e c r a f t  mass c e n t e r ,  t hen  t h e  k i n e t i c  equa t ions  d e s c r i b i n g  t h e  
ve .h i c l eVs  a t t i t u d e  motion a r e  t h e  well-known Eu le r  equa t ions  
Here, ( Ixx,  Iyy, I a r e  t h e  p r i n c i p a l  moments of i n e r t i a .  The 
vec to r  3 - 1  is  t h e  i n s t an t aneous  angular  v e l o c i t y  of t h e  body wi th  
r e s p e c t  t o  an i n e r t i a l  r e f e r e n c e  frame. The q u a n t i t i e s  tux, my ,  wz) 
a r e  t h e  measure numbers i n  t h e  body-fixed frame a l igned  wi th  t h e  p r i n c i p a l  
axes.  The q u a n t i t i e s  (Tx, T  T ) a re  t h e  measure numbers i n  t h e  same 
Y' z 
body-fixed frame of t h e  e x t e r n a l  to rques  a c t i n g  on t h e  s a t e l l i t e .  
/' 
b. Coord ina te  Systems and Spacecraf t  Kinematics. 
The c o o r d i n a t e  systems of i n t e r e s t  a r e  shown i n  F igs .  3-1 
A 
t o  3-3. The pr imary i n e r t i a l  r e f e r ence  frame i s  def ined  by t h e  x 
I 
a x i s  p o i n t i n g  t o  t h e  Vernal  equinox, t h e  2 a x i s  p o i n t i n g  along t h e  
I 
e a r t h ' s  s p i n  a x i s ,  and 91 completing t h e  r ight-hand or thogonal  s e t .  
F i g u r e  3-2 shows t h e  " loca l"  r e f e r ence  frame wi th  2 along t h e  
- 
L 
d i r e c t i o n  of t h e  v e c t o r  R from khe geocenter  t o  t h e  s a t e l l i t e .  The 
h 
a x i s  z is  normal t o  t h e  o r b i t  p lane  and a l &  t h e  o r b i t ' s  angular  L  
momentum v e c t o r ,  and completes t h e  right-hand or thogonal  s e t .  
The ang le s  i ,  R, g ,  and f  have t h e  usual  d e f i n i t i o n s  of i n c l i n a t i o n ,  
r i g h t , a s c e n s i o n  of ascending node, argument of p e r i g e e ,  and t r u e  anomaly. 
The l o c a l  frame w i l l  be used a s  t h e  r e f e r ence  s e t  ( R )  I n t e r ,  i n  t h e  
s t u d y  of c o n t r o l l i n g  alignment of t h e  s p i n  a x i s  w i th  t h e  normal t o  t h e  
o r b i t  p lane .  
c .  L inear ized  Equat ions  of Motion 
- 
When i t  i s  d e s i r e d  t o  keep t h e  s p i n  a x i s  a l i gned  normal t o  t h e  
o r b i t  p l ane ,  t h e  n a t u r a l  axes  about which t o  apply c o n t r o l  to rques  a r e  
t h e  l o c a l  axes (L) of F igu re  3-2. These correspond t o  t h e  r e f e r ence  
axes ( R )  of F igure  3-1. Howev5-r, t h e  c l o s e s t  p o s s i b l e  p o s i t i o n s  of t h e  
p r i n c i p a l  axes of t h e  s a t e l l i t e s  a r e  t h e  i n t e rmed ia t e  axes labe led  (P) 
i n  F igure  3-1. These axes correspond t o  t h e  o r i e n t a t i o n  of t h e  body- 
f i x e d  axes a t  t h e  t i m e  when t h e  angle  $ equals  zero .  
Assume t h a t  t h e  angles  @ and 0 (corresponding t o  yaw and r o l l  
A 
ang le s  about x  and r e s p e c t i v e l y  i n  F ig .  3-1) a r e  smal l  enough s o  R P 
t h a t  t h e  approximations 
s i n  0 s 0 , 
cos  @ 2 cos  0 E I. , 
can  be made. 
FIG. 3-1, M(3WCLASSICAL EULeR ANGLE TRANSFORMATION PRW A 
REFERENCE FRfUB (R)  TO A BODY-FIXED FRAME (B) 
BY SUCCESSIVE ROTATIOHS ABOUT THE x, y, and z 
AXES THROUGH ANGLES '4, 0 ,  and $ , 
FIG. 3-2. ORIENTATION OF THE LOCAL (L) 
REFERENCE FRAME 
F I G .  3-3. GEOMETRY O$ THE A N G W S  AND 
ANGULAR RATES OF THE WOBBLE 
PROCESS. 
. Assume a l s o  t h a t  w = $ = c o n s t a n t  >> g  + f .  Then, f o r  a  s a t e l l i t e  
z 
w i t h  mass symmetry about  t h e  s p i n  a x i s  ( i . e . ,  I = I ) ,  ~ q .  3.1 
XX 
c a n  be w r i t t e n  i n  t h e  c o n s t a n t  m a t r i x  form Y Y  
h I n  t h i s  e q u a t i o n ,  ax and a a r e  t h e  x  and measure numbers o f  
Y P ' P  
t h e  a n g u l a r  v e l o c i t y  of  t h e  body w i t h  r e s p e c t  t o  t h e  i n e r t i a l  frame, 
and TxL and T  YL a r e  t h e  2 and of  t h e  t o r q u e s  a p p l i e d  t o  t h e  L  L 
body (normal ized by I ) D is  t h e  r a t i o  of  t h e  moments of  i n e r t i a  
XX 
t i m e s  the .  s p i n  r a t e ,  
The c o n s t a n t  n  c o r r e s p o n d i n g  t o  mean o r b i t a l  r a t e ,  h a s  a l s o  been 
s u b s t i t u t e d  f o r  + ?, which is  t i m e  v a r y i n g  f o r  a n  e l l i p t i c  o r b i t .  
d.  A d d i t i o n  of a  Wobble Damper. 
- 
F i g u r e  3-3 d e p i c t s  t h e  geometry o f  t h e  a n g l e s  and a n g u l a r  r a t e s  
, . A n  
o f  t h e  wobble p r o c e s s .  The body a x e s  xg,-yg,  z a r e  r o t a t e d  from e n  B 
i n e r t i a l l y  f i x e d  set , , 2 t h r o u g h  t h e  c l a s s i c a l  E u l e r  a n g l e s  
5 ,  7, and 5. The 2 a x i s  i s  a l i g n e d  w i t h  ' t h e  t o t a l  a n g u l a r  momentum 
- 
v e c t o r  H.  he r a t e s  i and < a r e  t h e  i n e r t i a l  p r e c e s s i o n  and nu ta -  
t i o n .  The n u t a t i o n  a n g l e  i s  d e s c r i b e d  by 
c o s  p  = IZz \/H . 
. 
The t e rm "wobble dampingn i s  d e f i n e d  a s  t h e  d r i v i n g  o f  p  t o  z e r o .  
I f  t h e  n u t a t i o n  a n g l e  i s  s m a l l ,  and w i s  h e l d  approx imate ly  
z 
c o n s t a n t ,  t h e n  t h e  s o - c a l l e d  "energy s i n k  approximat ion"  t e c h n i q u e  
y i e l d s  t h e  r e l a t i o n s h i p  \ = -dp where d  i s  t h e  t ime-cons tan t  of 
the wobble damping process. 
After a bit of algebra, it can be shown that the effect of 
the damper is the addition of two diagonal terms in the 4 X 4 system 
matrix of Eq. 3.2. Equation 3.2 thus becomes, 
Equation 3.4 will be used throughout (this) section, A, to determine the 
desired control system for a spinning symmetric geodesy satellite. 
The exact equations of a mechanical wobble damper are generally more 
complex than has been assumed by the energy-sink procedure used here 
and require evaluation of a higher-order system [ ~ e f  s. 3-2, 3-3, 
and 3-41, However, most references on the subject indicate that the 
energy-sink approximation gives results ~Veasonably close to actual 
behavior, so the method will be retained rather than increasing the 
order of the system equations which would be necessary for a closer 
investigation of the effect of a particular type of damper. 
2. Disturbance ~orques 
Disturbance torques acting on the satellite can be broken into 
three categories. TWO, referred to as "inertially-fixed" and "body-fixed" 
torques, are those which tend to move the spin axis from the reference 
and are about the vehicle's lateral axes. The third type of torque 
is about the spin axis and tends to change the rate of spin speed. 
Short discussions of the following important inertially-fixed 
torques will be presented here 
a. atmospheric 
b. radiation pressure 
c. misalignment of translation control jets 
d. magnetic effects 
e. reference-frame kinematics. 
F u l l  developments can  be found i n  t h e  i n d i c a t e d  r e f e r ences .  
a.  A t m o s ~ h e r i c  t o r a u e s  
Consider  t h e  atmospheric  to rque  a c t i n g  on a  c y l i n d r i c a l  s a t e l -  
l i t e  wi th  uniform w a l l  m a t e r i a l .  I f  6 z  i s  t h e  d i s t a n c e  from t h e  
mass c e n t e r  a logg t h e  a x i s  of symmetry t o  t h e  geometr ic  c e n t e r ,  then ,  
from t h e  a n a l y s i s  of Ref. 3-5, i t  can  be shown t h a t  t h e  i n e r t i a l l y  
f i xed  torque  magnitude a c t i n g  on t h e  s a t e l l i t e  is 
where, f o r  d i f f u s e  r e f l e c t i o n  
2 
Tend = nr p~  s i n  q cos  q i i i 
and 
A 1 = c y l i n d e r  l e n g t h  
A r = cylinder radi .us  
p  4 atmospheric  d e n s i t y  
vi 
4 r e l a t i v e  speed of  incoming molecules 
'r 
r e l a t i v e  speed of outgoing molecules 
7 i 4 angle  between incoming v e l o c i t y  and t h e  w a l l  s u r f  ace.  
The r a t i o  vr/Vi E d m ,  where CI is  t h e  accommodation c o e f f i c i e n t  
f o r  t h e  p a r t i c u l a r  s u r f a c e .  References 3-5 and 3-6 p re sen t  accommodation 
c o e f f i c i e n t s  ranging  from 0 .3  t o  0.95 depending on t h e  wal l  m a t e r i a l  
- 
and gaseous medium involved.  The r e l a t i v e  v e l o c i t y  Vi is  found by 
- 
where V = i n e r t i a l  v e l o c i t y  of  t h e  s p a c e c r a f t  
- 
w = e a r t h  s p i n  v e l o c i t y  
e  
- 
R = r a d i u s  v e c t o r  from t h e  geocenter  
K = wind c o n s t a n t .  
The angular velocity of the upper atmosphere has been determined by 
examining changes in inclinations of various satellites by King-Hele 
[Ref. 3-71. He found K = 1.46 for nine satellites at heights of 
200 to 300 km. The atmospheric model used here is developed in 
Refs. 3-8 and 3-9. 
b. Radiation pressure torques. 
- 
Direct solar radiation pressure in the vicinity of the earth is 
Earth emitted radiation pressure is \ 
By numerical integration of the solar energy reflected from the earth 
to a satellite, the following emperical relationships have been found 
for the pressure due to this reflected energy. 
-4 2 
Ra S 1.80 X exp(-3 X 10 h) cos f3 dyne/cm , 3 (3.9a) 
in which h is the satellite altitude in km, and p the angle between 
the earth-satellite radius vectoi' and the earth-sun line. Ra is 3 
assumed zero for f5 > T / 2 .  The reflected radiation vector is at an 
angle of Cf3 + v) rad from the earth-sun line, where 
v g f1@/f l) 2*4 rad (3.9b) 
and 
- 4 f 4 4.89-h(5.82X10 ) rad. 
1 (3.9~) 
According to Evans [~ef. 3-10], the pressure and shear stress 
- 
components due to a radiation source vector Ra striking a wall at an 
angle 5 range from 
p = (Ra) s i n  5 ( s i n  5 + 2/3 p )  
7 = (Ra) s i n  5 cos 5 
f o r  d i f f u s e  r e f l e c t i o n  t o  
2 
P = (Ra) ( l  + p )  s i n  5 
7 = . (Ra) ( l  - p )  s i n  5' cos  5 
f o r  s p e c t r a l  r e f l e c t i o n .  Here, p i s  t h e  s u r f a c e  r e f l e c t i v i t y .  Because 
t h e  r a d i a t i o n  p r e s s u r e s  can  be formulated a s  v e c t o r s ,  t h e  r a d i a t i o n  
d i s tu rbance  t o rque  e v a l u a t i o n  is  done i n  e x a c t l y  t h e  same f a s h i o n  a s  
f o r  aerodynamic t o rques .  
c. Torques due t o  t r a n s l a t i o n a l  c o n t r o l  t h r u s t o r s .  
There a r e  two apparent  ways i n  which t r a n s l a t i o n  c o n t r o l  jets 
could cause d i s t u r b a n c e  t o rques  t o  t h e  s a t e l l i t e  a t t i t u d e .  I f  t h e  l i n e  of 
a c t i o n  of a  t r a n s l a t i o n a l  c o n t r o l  t h r u s t o r  does no t  pa s s  through t h e  s a t e l -  
iiie c e n i e r  of mass, the system wili produce Xorques which could f f e c t  b ~ t h  
t h e  po in t ing  accuracy  and t h e  s p i n  speed. I n  a d d i t i o n ,  a  l e a k  i n  a pneu- 
mat ic  system e i t h e r  a t  a  j o i n t  o r  i n  a  va lve  could a l s o  produce to rques .  
d. Magnetic to rques .  
- 
Magnetic d i s t u r b a n c e  to rques  a r e  p r i m a r i l y  caused by c u r r e n t  
loops  i n  t h e  s p a c e c r a f t  and m a t e r i a l s  s u b j e c t  t o  permanent o r  induced 
magnetism. The in s t an t aneous  t o rque  i s  t h e  vec to r  c r o s s  product  of 
- 
t h e  s p a c e c r a f t ' s  e f f e c t i v e  d i p o l e  moment Ms and t h e  magnetic i nduc t ion  
of t h e  l o c a l  f i e l d  B o r  
- 
Here, Ms is  cons idered  t o  i nc lude  a l l  but  t h e  d i p o l e  genera ted  by t h e  
c o n t r o l  c o i l s .  For  a sp inn ing  s a t e l l i t e ,  t h e  i n e r t i a l l y  f i x e d  torque  
w i l l  equa l  t h e  product  of t h e  d i p o l e  component a long t h e  s p i n  a x i s  
and t h e  l a t e r a l  component of t h e  magnetic f i e l d .  
Because t h e  s a t e l l i t e  s p i n s  with r e s p e c t  t o  t h e  magnetic f i e l d  
v e c t o r ,  to rques  due t o  t h e  induced c u r r e n t s  (eddy c u r r e n t s )  and t h e  
i r r e v e r s i b l e  magnetism of permeable m a t e r i a l s  ( h y s t e r e s i s  e f f e c t s )  
must a l s o  be cons idered .  Smith [Ref.  3-11] has  developed a  t h e o r e t i c a l  
exp re s s ion  f o r  de te rmin ing  t h e  eddy c u r r e n t  to rques  i n  r o t a t i n g  s h e l l s  
which is  used i n  t h i s  a n a l y s i s .  
The magnetic f i e l d  assumed f o r  t h e  a n a l y s i s  of t h e s e  d i s tu rbance  
t o rques  is modeled i n  Ref. 3-12. C o e f f i c i e n t s  used i n  t h i s  a n a l y t i c a l  
model a r e  presen ted  i n  Ref. 3-13. 
e. Reference frame k inemat ics .  
- 
For a  s a t e l l i t e  i n  an e a r t h  o r b i t  wi th  i n c l i n a t i o n  i ,  t h e  
i n s t an t aneous  o r b i t  p r eces s ion  r a t e  i s ,  t o  f i r s t  o r d e r ,  
Here,  p is t h e  u n i v e r s a l  g r a v i t a t i o n  cons t an t  t i m e s  t h e  e a r t h  mass, G,  
i s  t h e  sum of t h e  o r b i t ' s  argument of pe r igee  and t h e  t r u e  anomaly, H 
i s  t h e  o r b i t ' s  angular  momentum wi th  r e s p e c t  t o  t h e  e a r t h ,  and 
J2 
is  t h e  f i r s t  harmonic t e r m  i n  t h e  expansion of t h e  e a r t h ' s  p o t e n t i a l .  
I f  t h e  s p i n  a x i s  of t h e  s a t e l l i t e  is  t o  be maintained rlormal t o  t h e  
o r b i t  p l ane ,  a  t o rque ,  "kiqematic d i s t u r b a n c e  t o r q u e , "  must be exe r t ed  
on t h e  s a t e l l i t e  t o  p r e c e s s  t h e  s p i n  a x i s  as  t h e  o r b i t  normal p reces se s .  
A s imple  c o n s i d e r a t i o n  of r equ i r ed  r a t e  of change of s a t e l l i t e  angular  
momentum y i e l d s  t h e  t o rque  exp re s s ion  
fi s i n  i I w 
zz z Y~ 
h 
where Yk i s  a  u n i t  vec to r  a long t h e  l i n e  of nodes. 
f .  T o t a l  t o rques  
- 
To determine t h e  t o t a l  d i s tu rbance  to rque  a c t i n g  on any 
p a r t i c u l a r  c y l i n d r i c a l  sp inn ing  s a t e l l i t e ,  a  d i g i t a l  computer program 
was w r i t t e n  t o  e v a l u a t e  t h e s e  f i v e  to rques .  This  program computes t h e  
to rques  a s  a  func t ion  of t h e  parameters  which change with o r b i t a l  pos i -  
t i o n  of t h e  s a t e l l i t e  i n  i t s  nominal o r i e n t a t i o n .  Examples of i n e r -  
t i a l l y  f i x e d  yaw and r o l l  t o rques  were computed us ing  t h i s  program and 
a r e  presen ted  a s  func t ions  of o r b i t a l  p o s i t i o n  i n  F igs .  3-4 and 3-5. 
For t h e s e  examples, t h e  o r b i t  is  i n c l i n e d  a t  45O and t h e  o r b i t a l  f r e -  
quency is  15 times/day. Pe r igee  occu r s  a t  300 km over  t h e  equa tor  
which is  pos i t i oned  i n  t h e  c e n t e r  of t h e  atmospheric  bulge. The dimen- 
s i o n s  and o t h e r  parameters  used f o r  t h e  c y l i n d r i c a l  s p a c e c r a f t  of t h i s  
example a r e  
l e n g t h  R = 0.5 m ,  
r a d i u s  r = 0.5 m and 0.75 m t  (two c a s e s ) ,  
s k i n  t h i cknes s  = 0.1  cm of aluminum, 
s p i n  speed = 1 r a d l s e c ,  
accommodation coef f  i c i e r i t s  = 0.64 and 0.84 (two c a s e s ) ,  
dec imeter  f l u x  index = 300 and 100 (two c a s e s ) ,  
r e f l e c t i v i t y  = 0.0 and 1 .0  (two c a s e s ) ,  
2 
s p i n  a x i s  d i p o l e  = 0.6 amp m , 
c , m  o f f s e t  from c.p. = 0.5 c m ,  
j e t  misalignment moment arm = -0.5 cm. 
Such p l o t s  a r e  u s e f u l  f o r  i l l u s t r a t i n g  t h e  r e l a t i v e  magnitudes 
and c h a r a c t e r i s t i c s  of t h e  va r ious  d i s t u r b a n c e  to rques .  
3. S t a t e  Es t ima t ion  by F i l t e r i n n  Horizon Sensor  Data 
By proper  placement of a  p a i r  of i n f r a r e d  horizon senso r s  (bo lometers ) ,  
i t  is p o s s i b l e  to .measure  d i r e c t l y  t h e  r o l l  e r r o r ,  8 .  Because of t h e  
s t r u c t u r e  of t h e  s a t e l l i t e ' s  s t a t e  equa t ions ,  t h e  system is  "observable." 
That i s ,  a  f i l t e r  can  be cons t ruc t ed  which w i l l  produce e s t ima te s  of 
t h e  o t h e r  s t a t e  v a r i a b l e s  from t h e  r o l l  e r r o r  measurements. To account 
f o r  d r i v i n g  n o i s e  (d i s tu rbance  t o r q u e s )  and measurement no i se ,  an 
optimum s t e a d y - s t a t e  (Kalman) f i l t e r  is  developed which g ives  "best"  
e s t i m a t e s  of t h e s e  s t a t e s .  Th i s  system i s  developed a s  fo l lows .  
a .  Horizon-sensor de t e rmina t ion  of r o l l  ang le ,  s p i n  speed,  and 
- 
o r b i t a l  r a t e .  
Ro l l - e r ro r  measllrement can  be provided us ing  t h e  output  of 
T r u e  A n o m o l y  - deg. 
FIG. 3-4. T Y P I C A L  YAW TORQUE COXF'ONENTS 
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F I G .  3-5. TYPICAL ROLL TORQUE CORPONENTS 
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two i n f r a r e d  bolometers arranged wi th  t h e i r  o p t i c a l  axes i n  a  " ~ e e "  
c o n f i g u r a t i o n  a s  spawn i n  F ig .  3-6. The o p t i c a l  axes l i e  i n  a  p lane  
con ta in ing  t h e  v e h i c l e  s p i n  a x i s .  As t h e  s a t e l l i t e  s p i n s ,  t h e  o p t i c a l  
axes  sweep ou t  two c o n i c a l  s u r f a c e s  i n  space. The senso r s  produce 
s i g n a l s  r e l a t e d  t o  t h e  change i n  rece ived  r a d i a n t  energy a s  o p t i c a l  
axes sweep from c o l d  o u t e r  space through t h e  warmer i n f r a r e d  e a r t h ,  
and back t o  space  aga in  a f t e r  each s p i n  r e v o l u t i o n ,  
The i n t e r s e c t i o n  of t h e s e  s enso r  pa ths  with t h e  e a r t h  and t h e  
corresponding senso r  ou tput  is shown i n  F ig .  3-7. When t h e  s p i n  a x i s  
i s  normal t o  t h e  e a r t h - s a t e l l i t e  r a d i u s  vec to r ,  t h e  s enso r  pu l se  ou t -  
p u t s  w i l l  have t h e  same width and occur  a t  t h e  same time f o r  an i d e a l  
s p h e r i c a l  e a r t h .  I f  a  r o l l  e r r o r  e x i s t s ,  t h e  r e l a t i o n s h i p  among pu l se s  
w i l l  be a s  shown. E r r o r s  i n  yaw cannot  be i n s t an t aneous ly  de t ec t ed .  
However, s i n c e  t h e  s a t e l l i t e  s p i n  a x i s  is approximately f i xed  i n  i n e r t i a l  
space ,  a  p o i n t i n g  e r r o r  i n  yaw a t  any p a r t i c u l a r  i n s t a n t  w i l l  become 
an e r r o r  i n  r o l l  90" l a t e r  i n  t h e  o r b i t  due t o  t h e  r o t a t i o n  of t h e  
l o c a l  r e f e r e n c e  frame. 
The geometry of t h e  hor izon  senso r  scheme i s  d i p i c t c d  i n  F ig .  
3-8 where 
e = r o l l  e r r o r  
6 = hal f -vee  angle  
- 
= 90" - 6 
p . =  -1 s i n  ( R ~ / R )  
t l  = t ime between ho r i zon  pu l se s  f o r  r i g h t  sensor  
= l o c a l  s p i n  r a t e  E w - ? - 
z 
The e a r t h  sweep t ime f o r  t h e  r i g h t  s e n s o r ,  t can be w r i t t e n  1 ' 
2 -1 c o s  8 + s i n  6 s i n  6 
= F cOs 
c o s  6 cos  6 
Equat ion 3 -15  was used t o  compute t h e  ou tput  c h a r a c t e r i s t i c s  
-scanner o p t i c a l  axis 
o r b i t  p l a n e  
F I G .  3-6. HORIZON SENSOR "VEE" CONFIGURATION 
/-- - .'. 
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FIG. 3-7, HORIZON SENSOR OUTPUT WITH AND 
WITHOUT ROLL ERRORS. 
/ I .-- se11s0i2 pa L?l /' I /' / , # /  
I  
I / I___, p o i n t  o f  h o r i  
I / \\$" ----+--y c r o s s i n g .  
8\ I 
R I 
- % 
FIG. 3-8. GEOMETRY OF THE HORIZON 
SENSOR SCHEME. 
of s enso r s  w i th  ha l f -vee  ang le s  of 3 " ,  6", and 9' , f o r  an e l l i p t i c  o r b i t  
having 3  revs/day.  Define At and T  a s  
avg 
where 
t 2  
is  t h e  t i m e  between ho r i zon  pu l se s  f o r  t h e  l e f t  s enso r ,  
and T A = (t2 + t)/2. Then F ig .  3-9 shows r o l l - a n g l e  e r r o r  a s  a 
avg 
f u n c t i o n  o f .  At f o r  a  9" ha l f -vee  ang le  f o r  va r ious  va lues  of 
s a t e l l i t e  r a d i u s .  The r o l l  e r r o r  is found by mu l t i p ly ing  At by a  
ga in  ( s lope  of curves  such a s  t hose  i n  F ig .  3-9) which is  r a d i u s  de- 
pendent.  Th i s  g a i n ,  a s  a f u n c t i o n  of Tavg* is  shown i n  Fig.  3-10 
f o r  t h e  t h r e e  s enso r  angles  i n v e s t i g a t e d  here .  The q u a n t i t y  T  
avg 
average remains f a i r l y  c o n s t a n t  a t  a  g iven  a l t i t u d e  f o r  smal l  va lues  
of r o l l  e r r o r .  A s  can  be s e e n  from Eq. 3.15, t h e  s enso r s  w i l l  produce 
a  l a r g e r  e r r o r  s i g n a l  'with a  l a r g e r  ha l f -vee  angle .  However, a 
t rade-of f  must be made because l a r g e r  s enso r  angles  w i l l  cause t h e  
sensor  t o  m i s s  t h e  e a r t h  f o r  h igh  a l t i t u d e s  of h igh ly  e c c e n t r i c  o r b i t s .  
B.ecause t h e  hor izon  senso r s  produce a  pu l se  t r a i n ,  wi th  T 
avg 
a func t . j .on  of sat.r33.Xj.te a!-titude, thj.s o l ~ t p n t  czn a l s c  be  red +c glvt3 .. 
a  d i r e c t  measurement of t h e  v e h i c l e ' s  s p i n  speed and t h e  c u r r e n t  o r b i t a l  
, r a t e ,  + , of t h e  veh ic l e .  
b. Kalman f i l t e r  f o r  s t a t e  e s t i m a t i o n .  
- 
The l i n e a r i z e d  s t a t e  equa t ions  of t h e  symmetric sp inning  s a t e l -  
l i t e  w a s  summarized ' in  ma t r ix  form i n  Eq. 3.4. Th i s  equa t ion ,  a s  i t  
s t a n d s ,  is observable  from a measurement of t h e  r o l l  e r r o r  8 .  That  
is, wi th  a  s i g n a l  p r o p o r t i o n a l  t o  t h e  r o l l  e r r o r  0 ,  a  s t a t e  observer  
can  be cons t ruc t ed  t o  e s t i m a t e  va iues  of t h e  yaw e r r o r  @ and t h e  two 
i n e r t i a l  r a t e s  ax and a . 
Y 
I t  would be n i c e  i f  t h e  d i s t u r b a n c e  to rques  could a l s o  be 
t r e a t e d  a s  s t a t e s  and e s t ima ted  a s  p a r t  of t h e  o b s e r v e r ' s  f unc t ion .  
However, a  cons t an t  t o rque  about t h e  x-axis  (yaw a x i s )  (e.g. ,  aerodynamic 
t o rque )  i s  not  observable  from r o l l  e r r o r  measurements of a  symmetric 
veh i c l e .  The re fo re ,  f o r  t h e  t ime be ing ,  i t  w i l l  be assumed t h a t  t h e  
d i s tu rbance  to rques  can be t r e a t e d  a s  whi te  d r i . ~ i n g  noise .  I f  i t  i s  
0 .04 .08 .12 .16 .20 .24 
sensor pulse time difference, AT - sec. 
F I G .  3-9. ROLL ERROR VS SENSOR SIGNAL PULSE FOR 9' 
HALF-VEE ANGLE IN A 3 REVS/DAY ORBIT. 
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assumed t h a t  t h e  d r i v i n g  n o i s e  and measurement no i se  a r e  s t a t i o n a r y ,  
whi te ,  uncor re la te i l  p roces se s ,  a  Kalman f i l t e r  [Ref.  3-14] can  be mechan- 
i zed  t o  determine t h e  l i n e a r  l e a s t  squa re s  e s t i m a t e s  of a 
x J  ay9 and 
4. 
The s t a t e  and obse rva t ion  equa t ions  a r e  expressed i n  gene ra l  
form a s  
where u is  t h e  normalized c o n t r o l  i n p u t ,  and v and w a r e  white  
n o i s e  w i th  cova r i ances  
and 
'I' T 
~ ( w ( t ) v  ( 7 ) )  = E [ v ( ~ ) x ~ ( o ) )  = E ( w ( ~ ) x  (01) = 0 . 
Q is  a  p o s i t i v e  s emi -de f in i t e  diagnonal  mat r ix  and R i s  a  s c a l a r  
c o n s t a n t .  The (4 x 1 )  mat r ix  x (0 )  i s  the '  value of t h e  s t a t e  vec to r  
x a t  t i m e  ze ro .  The e s t i m a t o r  equa t ions  a r e  t h e n  
*. 
T -1 k = F; + G; +CH R (y  - Hx), (3.17) 
where C i s  t h e  covar iance  of t h e  e r r o r  (x - 2) which is determined 
by f i n d i n g  t h e  s t e a d y  s t a t e  s o l u t i o n  t o  t h e  R i c c a t i  equa t ion  
i t  can  be seen  by d i v i d i n g  Eq. 3.18 by R t h a t  t h e  s teady-  
s t a t e  s o l u t i o n  of C depends s o l e l y  on t h e  mat r ix  Q/R. Thus, f o r  
LQLT of t h e  form 
t h e  amount of  work r equ i r ed  t o  s o l v e  Eq. 3.18 i s  g r e a t l y  s imp l i f i ed .  
Equat ion 3.18 was solved by numerical i n t e g r a t i o n  f o r  a wide 
range of t h e  parameter  q and t h e  r e s u l t s  a r e  shown i n  Fig.  11. I n  
T  -1 T  t h i s  p l o t ,  [ K ~ ,  K2,  K3, K ~ ]  = [XH R ] , t h e  ga in  mat r ix  of t he  
-4 - 2 f i l t e r .  For d r i v i n g  n o i s e  w i t h  va r i ance  v  = 1 0  s e c  and measurement 
- 3 
e r r o r  U = 1 0  r a d i a n s ,  q would be 0.01. The s o l u t i o n s  of F ig .  3-11 
- 1 
a r e  f o r  parameter  va lues  of D = 1 .5  s e c  mean o r b i t a l  r a t e  and 
- 3 - 1 
n  = 1.09 X 1 0  sec , corresponding t o  t h e  15 rev/day. Changing n  
-1 
t o  2.18 X s e c  f o r  3 rev/day,  changed t h e  s t e a d y - s t a t e  ga ins  by 
l e s s  t han  2%. Thus, t h e r e  seems t o  be no need t o  use t ime-varying 
ga ins  computed by cont inuous  i n t e g r a t i o n  of t h e  R i c c a t i  equa t ions  t o  
account f o r  t h e  change i n  t h e  o r b i t a l  r a t e  due t o  t h e  e l l i p t i c  o r b i t .  
S ince  t h e  i npu t  t o  t h e  Kalman e s t i m a t o r  i s  not continuous i n  
n a t u r e  bu t  comes a s  a  sampled s i g n a l ,  t h e  f a m i l i a r  Shannon sampling 
theorem r e q u i r e s  t h a t  t h i s  s i g n a l  have a  sample r a t e  which is  a t  l e a s t  
twice a s  f a s t  a s  t h e  v a r i a t i o n  i n  t h e  s t a t e  which one i s  t r y i n g  t o  
produce. The r a t e  terms 
ax 
and a: o s c i l l a t e  wi th  a  frequency D ,  
Y 
t h e r e f o r e  i t  is  neces sa ry  t o  sample a t  l e a s t  ~ I ~ ~ / I ~ ~  times pe r  s a t e l -  
l i t e  r e v o l u t i o n .  Thus, t h e  hor izon  senso r  heads must e i t h e r  be spun 
a t  l e a s t  21zzJ1xx t imes f a s t e r  than  t h e  s a t e l l i t e  s p i n  r a t e  o r  more 
t han  2 1 z Z / ~ x x  senso r  p a i r s  must be used on t h e  s a t e l l i t e .  
4 .  Magnetic A t t i t u d e  Cont ro l  of t h e  Symmetric Spinning Vehicle .  
- 
Given t h e  a b i l i t y  t o  determine t h e  t h r e e  unknown s t a t e s  of t h e  
v e h i c l e  a t t i t u d e ,  one can proceed t o  develop a  c o n t r o l  system making use 
of t h e s e  s t a t e s .  Then, once a  c o n t r o l  law has been formulated,  t h e  
implementation of t h e  r equ i r ed  c o n t r o l  to rques  must be cons idered .  
The c o n t r o l  problem s t u d i e d  he re  i s  t h a t  of a  r e g u l a t o r .  I t  i s  des i r ed  
t o  keep t h e  s p i n  a x i s  a s  c l o s e  a s  p a s s i b l e  t o ' t h e  o r b i t  p lane  normal 
and main ta in  t h e  s p i n  speed of t h e  s a t e l l i t e  w i th in  some acceptab le  
bounds . 
-72- 
V a r i a n c e  R a t i o  q 
FIG.  3-11. KALMAN FILTER GAINS VS NOISE 
VARIANCE RATIO FOR SPINNING 
SATELLITE. 
I n  t h i s  p a r t ,  a  new method of magnet ica l ly  c o n t r o l l i n g  t h e  
a t t i t u d e  of a  sp inning  s p a c e c r a f t  is  developed. I t  w i l l  be show11 t h a t  
t h i s  magnetic a t t i t u d e  c o n t r o l  system is  simp1.e and r e q u i r e s  very l i t -  
t l e  power requirements  f o r  geodesy s a t e l l i t e s  i n  o r b i t s  between 15' and 
75' i n c l i n a t i o n s .  This '  system, p o s s i b l y  supplemented, wi th  a pa s s ive  
n u t a t i o n  damper, thus  becomes a  s t r o n g  cand ida t e  i n  any geodesy mission 
f o r  which a c t i v e  a t t i t u d e  c o n t r o l  i$ requ i r ed .  
a.  Magnetic implementation of t h e  c o n t r o l  law. 
- 
The d e s i r e d  c o n t r o l  t o rque  w i l l  u s u a l l y  c o n s i s t  of components 
about t h e  r o l l  and yaw axes t o  c o r r e c t  wobble motion and po in t ing  e r r o r  
and a  component about t h e  s p i n  a x i s  t o  c o r r e c t  s p i n  speed e r r o r .  To 
implement a  to rque  magne t i ca l l y ,  one makes use of t h e  r e l a t i o n s h i p  
- 
where m is  t h e  magnetic d i p o l e  c r e a t e d  by producing electromagnets  
o r  pa s s ing  c u r r e n t  through c o i l s  f i x e d  t o  t h e  s a t e l l i t e .  The vec to r  
B is t h e  l o c a l  va lue  of t h e  e a r t h ' s  magnetic f i e l d  and T i s  t h e  
r e s u l t a n t  to rque .  
Because B has  an a r b i t r a r y  d i r e c t i o n  ( s ee  Fig.  3-12), it is  
- 
not  always p o s s i b l e  t o  s o l v e  Eq. 3.19 f o r  m t o  produce a  des i r ed  T .  
Thus, i t  i s  assumed t h a t  t h e  s p i n  colfiponent of d e s i r e d  to rque  is  ignored 
except  i n  c a s e s  where t h e  s p i n  speed has dev ia t ed  s o  f a r  from t h e  
nominal va lue  t h a t  c o r r e c t i v e  a c t i o n  must be taken .  
For maximum e f f i c i e n c y ,  i t  is  necessary  t o  c r e a t e  a  magnetic 
d i p o l e  i n  t h e  s p a c e c r a f t  normal t o  t h e  e a r t h ' s  magnetic f i e l d  a t  any 
g iven  i n s t a n t .  Thus, 
- - 
m . B  = 0 .  (3.20) 
By s o l v i n g  Eqs. 3.19 and 3.20 wi th  t h e  assumption t h a t  t h e  component 
of ? a long  t h e  s p i n  a x i s  is ze ro ,  one o b t a i n s  
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where 'I and T  a r e  t h e  d e s i r e d  c o n t r o l  t o r q u e s  and t h e  s u b s c r i p t s  
YD X~ 
x ,  y ,  z 011 a l l  q u a n t i t i e s  d e n o t e  measure numbers i n  t h e  l o c a l  (L)  r e f -  
e r e n c e  frame. E q u a t i o 1 ~ 3 . 2 0  i.s b a s i c  t o  magne t i c  a t t i t u d e  c o n t r o l  and 
have been used i n  modi f i ed  form i n  s e v e r a l  mechan iza t ions  s i n c e  appear-  
i n g  i n  Ref. 3-15. 
To mechanize a  c o n t r o l  s y s t e m  a l o n g  t h e  l i n e s  o f  Eq.  3 .21 
r e q u i r e s  t h e  measurement o f  t h r e e  components of  t h e  magnet ic  f i e l d .  I t  
a l s o  r e q u i r e s  s e v e n  m u l t i p l i c a t i o n s  and two d i v i s i o n s .  Although t h i s  
i s  complex i n  i t se l f ,  t h e  worst problem a r i s e s  from t h e  r e q u i r e m e n t s  f o r  
d i v i s i o n  by Bz and 181 2. F o r  a  h i g h l y  e l l i p t i c  o r b i t  ( s e e  F i g .  3-12),  
B  a l o n e  v a r i e s  o v e r  two o r d e r s  o f  magni tude i n  s i z e .  
z  
One method of c o n t r o l  mechan iza t ion  which g r e a t l y  s i m p l i f i e s  
Eq. 3 .21 is t o  set m = 0 and assume an a v e r a g e  v a l u e  o f  t h e  s p i n  
Z 
component o f  magnet ic  f i e l d  B . Then, f o r  K = 1 / B  
z  z average '  
my = KTxD 
The r e s u l t i n g  a c t u a l  t o r q u e  a c t i n g  on t h e  v e h i c l e  w i l l  t h e n  be 
Tx = (mz)TxD 
The s p i n  t o r q u e  T  s h o u l d  a v e r a g e  t o  n e a r l y  z e r o  o v e r  s e v e r a l  o r b i t s  
z 
under  s u c h  a  scheme. 
P o i n t i n g  c o n t r o l  c a n  a l s o  be ach ieved  w i t h  t h e  z - c o i l  a l o n e .  
I f  one  assumes ' t h a t  t h e  magne t i c  f i e l d  B is  normal t o  t h e  r e q u i r e d  
- 
t o r q u e  TD, t h e n  
where K1 is  some a p p r o p r i a t e  g a i n .  Thus 
s p i n - c o i l  c o n t r o l  h a s  t h e  d i s a d v a n t a g e  t h a t  t h e  r e s u l t i n g  p o i n t i n g  con- 
t r o l  t o r q u e  i s  n o t  u s u a l l y  i n  t h e  e x a c t  d i r e c t i o n  of  t h e  d e s i r e d  t o r q u e  
b u t  h a s  t h e  advan tage  of c r e a t i n g  no u n d e s i r e d  s p i l l  t o r q u e s .  
b. Spin  c o n t r o l  
- 
I f  t h e  s p i n  speed d e v i a t e s  from t h e  nominal va lue ,  t h i s  can  
be de t ec t ed  by v a r i a t i o n s  i n  t h e  p e r i o d i c  s i g n a l  coming from t h e  hor izon  
senso r s .  The d e s i r e d  c o n t r o l  t o rque  t o  c o r r e c t  such a  d e v i a t i o n  &z 
would be 
when laoZI exceeds some deadhand va lue .  There a r e  two ways i n  which 
t h i s  s p i n  c o n t r o l  can  be implemented. 
The f i r s t  implementation of s p i n  c o n t r o l  fo l lows  from Eqs. 3.23. 
From t h e s e  it is  seen  t h a t  a  s p i n  to rque  w i l l  e x i s t  because of t h e  
presence  of p o i n t i n g  c o n t r o l .  Thus, one might i nco rpo ra t e  l o g i c  i n t o  
t h e  c o n t r o l  system such t h a t  p o i n t i n g  c o n t r o l  is only  ac tua t ed  when 
t h e  r e s u l t i n g  s p i n  t o rque  i s  i n  t h e  d e s i r e d  d i r e c t i o n .  
The second p o s s i b l e  scheme i s  t o  apply c u r r e n t  t o  t h e  x and y  
c o i l s  i n  such a  way t h a t  t h e  r e s u l t i n g  magnetic moment i s  normal t o  t h e  
component of t h e  magnetic f i e l d  i n  t h e  X-Y p lane .  Thus 
m x = KzBy sgn(nWZ) 
m = -K B sgn (A w ) . 
Y z  X Z 
c .  Complete c o n t r o l  l o g i c  
- 
The preceding  two s e c t i o n s  (a  & b ) ,  can be combined t o  y i e ld  a 
c o n t r o l  system which provides  both po in t ing  c o n t r o l  and spin-speed c o n t r o l .  
Two c o n s t a n t s  C  and C a r e  def ined  which r ep re sen t  boundaries  of t h e  1 2 
deadbands a s soc i a t ed  wi th  t h e  s p i n  speed. Let C  be t h e  va lue  such 
1 
t h a t  when ]rnzI > Cl, one shogld provide  some s o r t  of s p i n  c o n t r o l .  
Let CZ be t h e  va lue  f o r  which, when > C2, i t  is mandatory t h a t  
s p i n  c o n t r o l  a c t i o n  be taken .  Then s u i t a b l e  l o g i c  governing t h e  c u r r e n t s  
put  i n t o  t h r e e  o r t h o g o n a l  c o i l s  would be 
f o r :  -C1 S Wz;S C1 (rvlode 1 ) 
f o r :  C1 < Au ,< C2 
z  
(Mode 2 )  
if s g n  T + BxTx )] = s g n ( - A u ~ ,  u s e  Mode 1 ; 
YD D 
if s g n  [-K(B T + B ~ T ~  ) ]  -sgn(-i?(uz) 
Y~ D 
f o r :  C2 < I AUzl (Mode 3)  
I f  t h e  g a i n s  a r e  s e t  p r o p e r l y  and c a r e  i s  e x e r c i s e d  i n  d e s i g n  and 
c o n s t r u c t i o n  o f  t h e  v e h i c l e ,  Mode 3 w i l l  n o t  be r e q u i r e d  d u r i n g  normal 
o p e r a t i o n .  However, i t  shou ld  be p rov ided  f o r  use  d u r i n g  i n i t i a l  
spin-up o r  f o r  t h e  c a s e  where s p i n  speed changes  bu t  no p o i n t i n g  e r r o r  
accumulates .  
T h i s  c o n t r o l  mechanizat ion r e q u i r e s ' t h e  presence of t h r e e  
or thogonal  c o i l s  about t h e  t h r e e  or thogonal  c o n t r o l  axes .  The z - cd i l  
( sp in  c o i l )  could be provided wi th  a  ferromagnet ic  c o r e  s o  t h a t  weight 
and power requi rements  would be lowered, 
The c o n t r o l  system must a l s o  have t h e  a b i l i t y  t o  measure t h e  
magnet ic - f ie ld  components, B and B when i n  Modes 2 and 3. Th i s  is  
X Y 
done w i t h ' a  two-axes f l u x g a t e  magnetometer [Ref.  3-16], a  dev ice  wi th  
reasonable  l i n e a r i t y .  The magnetometer's s e n s i t i v e  axes must be 
mounted such t h a t  no i n t e r f e r e n c e  i s  c r e a t e d  from t h e  magnetic f i e l d  
produced by t h e  c o n t r o l  c o i l .  For t h e  c a s e  where t h e  magnetic compo- 
nen t s  m and m a r e  both being genera ted ,  t h i s  i n t e r f e r e n c e  can 
X Y 
b e s t  be prevented by a  t ime-sharing procedure.  Here, t h e  c o i l  c u r r e n t s  
a r e  c u t  o f f  momentarily once each  c y c l e  of s p a c e c r a f t  sp in .  A t  t h i s  
t i m e  t h e  magnet ic - f ie ld  measurements could be sampled and held dur ing  
t h e  c o n t r o l l e d  p o r t i o n  of t h e  cyc l e .  
d. Skewed-coil magnetic c o n t r o l .  
- 
I t  is  p o s s i b l e  t o  s i m p l i f y  t o  a  g r e a t  e x t e n t ,  t h e  mechanization 
of  t h e  c o n t r o l  system sugges ted  i n  t h e  prev ious  s e c t i o n .  This  can be 
done by r e p l a c i n g  t h e  t h r e e  c o i l s  by a  s i n g l e  c o i l  skewed a t  45' t o  
t h e  s p i n  a x i s  a s  shown i n  F ig .  3-13. A f u r t h e r  s i m p l i f i c a t i o n  i s  t o  
use  o n l y  one magnetometer wi th  i t s  s e n s i t i v e  a x i s  a long t h e  node of 
t h e  skewed c o i l  and the" x-y p lane  a s  i n d i c a t e d .  Such a  magnetometer 
would no t  r e q u i r e  t ime-shared measurements. For such a  system, i f  t h e  
c u r r e n t  i n  t h e  c o i l  is c o n s t a n t ,  an average magnetic d i p o l e  moment i s  
genera ted  a long  t h e  s p i n  a x i s .  I f  a  cons t an t  c u r r e n t  has i t s  d i r e c t i o n  
switched e v e r y  180° ,  t h e  average magnetic moment is  i n  t h e  x-y p lane  
p o i n t i n g  i n  t h e  d i r e c t i o n  90' from t h e  switch p o i n t s .  Thus, one has  t h e  
a b i l i t y  t o  gene ra t e  a l l  t h r e e  components of t h e  d e s i r e d  magnetic d i p o l e  
- 
m averaged over  a  s p i n  c y c l e  of t h e  s a t e l l i t e .  A disadvantage t o  such 
a  system i s  t h a t  i t  can on ly  g e n e r a t e  t h e  average r equ i r ed  magnetic 
components i n  t h e  x  and y  d i r e c t i o n s  over  one cyc l e .  Thus, i t  does 
not  have t h e  a b i l i t y  t o  g e n e r a t e  c o n t r o l  f o r c e s  which f l u c t u a t e  f a s t e r  
than  s p i n  r a t e  such a s  wobble damping terms. The re fo re ,  t h e  skewed- 
c o i l  m c s t  be supplemented wi th  a  n u t a t i o n  damper. A t  ally r a t e ,  t he  
i 
! *' - nominal 
\-:<4,'. magneLometer 
sensitive axis 
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packaging advantages of a  system wi th  a  s i n g l e  c o i l  and magnetometer 
seem t o  make t h e  skewed c o i l  mechanizat ion worthy of cons ide ra t i on .  
e. Minimum power op t imal  p o i n t i n g  c o n t r o l .  
- 
The normal mode of o p e r a t i o n  of t h e  magnetic c o n t r o l  system 
w i l l  be Mode 1. I t  is  neces sa ry  t o  s p e c i f y  what t h e  des i r ed  c o n t r o l  
t o rque  components T x ~  and T  a r e  f o r  t h i s  mode and what app rop r i a t e  YD 
g a i n s  should be. A reasonable  c r i t e r i a  f o r  s e l e c t i n g  t h e  c o n t r o l  to rques  
t o  be app l i ed  is t o  choose 
T x ~  and T which y i e l d s  t h e  response YD 
d e s i r e d  and minimizes t h e  power used t o  ach ieve  t h i s .  The express ions  
f o r  t h e  i d e a l i z e d  p o i n t i n g  c o n t r o l  t o rques  w i l l  now be presented 
below, 
Power consumption is  p r o p o r t i o n a l  t o  c u r r e n t  squared and t h e  
magnetic moment of a  c o i l  e q u a l s  t h e  product  of t h e  c u r r e n t ,  t h e  c o i l  
a r e a ,  and t h e  number of t u r n s  of t h e  c o i l .  Thus, f o r  a  s i n g l e  c o i l  
one should t ry  t o  minimize t h e  c o n t r o l  c u r r e n t  squared.  For two 
or thogonal  c o i l s ,  minimum power is  obta ined  by minimizing t h e  sum of 
t k c  sqszres sf t k e  c s i l  curra:ts. T h z ~ ,  the  o ~ t F ~ i z a t i c n  p r c h l e ~  
cons idered  i s  t h a t  of minimizing t h e  performance index J sub jec t  t o  
t h e  system d i f f e r e n t i a l  e q u a t i o n s  3.4,  where 
For  a  fou r th -o rde r  system whose equa t ions  of motion have 
complex symmetry, t h e  s o l u t i o n  of  t h i s  problem i s  well known ( e .g . ,  
Ref. 3-17) and y i e l d s  an op t imal  c o n t r o l  of t h e  form 
where t h e  thqee  c o e f f i c i e n t s  of Eq. 3.29 a r e  s o l u t i o n s  t o  t h e  equa t ions  
- 3 The s o l u t i o n s  t o  Eq. 3.30 f o r  D = 1.5 r a d l s e c ,  n  = 1.09  X 10 rad /sec ,  
q1 = 0,  wi th  q2 t r e a t e d  a s  a  parameter  a r e  shown i n  Fig.  3-14. 
-1 The n u t a t i o n  damping c o e f f i c i e n t ,  d ,  is  va r i ed  from t o  1 0  .. 
-4 Changing t h e  mean o r b i t a l  r a t e ,  n, t o  2.18 X 10 , corresponding 
t o  a  3  revs/day o r b i t  had no markable change on t h e  s o l u t i o n s .  The 
choice  of a c t u a l  ga in s  t o  be used f o r  power minimizat ion depends upon 
t h e  c o e f f i c i e n t  of t h e  n u t a t i o n  damper used and t h e  response des i r ed  
which i s  determined by choice  of  t h e  parameter  q2' 
I n  t h e  prev ious  s e c t i o n ,  g a i n s  from minimum power c o n t r o l  
were determined wi th  t h e  assumption t h a t  t h e  r e s u l t i n g  i d e a l i z e d  torque  
would always be mechanized e x a c t l y .  However, u s ing  t h e  s i m p l i f i e d  
c o n t r o l  mechanizat ion spec i f - ied  i n  Eqs. 3.26, 3.27, and 3.28, one 
would o n l y  be a b l e  t o  a c t u a t e  t h e  c o i l s  t o  produce c o n t r o l  to rques  which 
would be optimum i n  some average t ime sense .  For i n s t a n c e ,  i f  Eq. 3.26 
is  being used and t h e  g a i n  K i s  chosen a s  t h e  average value of 1 / ~ ~ ,  
then  t h e  a c t u a l  c o n t r o l  to rque  produced v a r i e s  cons ide rab ly  from t h e  
11 optimum." I t  i s  known from opt imal  t heo ry  t h a t  t h e  op t imal  g a i n s ,  
when mechanized e x a c t l y ,  w i l l  resul;  i n  a  s t a b l e  system. But when 
t h e  a c t u a l l y ,  mechanized c o n t r o l  to rques  a r e  t i m e  vary ing ,  depending 
'upon t h e  t i m e  h i s t o r y  of 
BZ' 
t h e  ques t i on  of s t a b i l i t y  remains 
open. The subsequent d i s c u s s i o n  is  intended t o  be a  summary of t h e  
s t a b i l i t y  i n v e s t i g a t i o n .  A more d e t a i l e d  development may be found i n  
Ref. 3-19. 
-1 
D a m p i n g  C o e f f i c i e n t  - d - sec 
( N u t a t  ion  D a m p e r )  
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J 
q2 
K 
2  
pos i t ion  C o n -  
t r o l  G a i n  KpZ:  
51 x 
3 . 0 X 1 0 - ~  
-5 
.X 
- 3  3 . 8 X 1 0  - 3  3 . 5 + 1 0  
0 .6  x 
2 . 4 x 1 0 - ~  
0 .3  x 
1 . 7 X 1 0 - ~  
. 
Cons ider  t h e  c a s e  of t h e  skewed-coil  c o n t r o l l e r .  Let  t h e  
damping t e rms  of Eq. 3.29  be lumped i n  w i t h  t h e  n u t a t i o n  damper s o  
t h a t  t h e  d e s i r e d  magnetgc t o r q u e s  a r e  
From Eqs. 3.23 and 3.26, t h e  a c t u a l  p o s i t i o n  c o n t r o l  g a i n s  a r e  
Tx = -K(Kpl @ + K p2 0)' E3 (t) 
z  
= - K ~ ( ~ ) ( K  @ + K e l ;  
P l  P2 
T = - K ( - K ~ ~  a +  K e )  ~ ~ ( t )  
Y. P l  
= - K ~ ( ~ ) ( - K ~ ~  @ + K e l ;  
P 1 
where K l ( t )  = KBZ(t). S u b s t i t u t i n g  Eqs. 32 i n t o  Eq. 4  y i e l d s  
One must d e t e r m i n e  what range  of K ( t ) .  c a n  be allowed and y e t  be 1 
a s s u r e d  t h a t  Eq. 3.33 remains s t a b l e .  
R e f e r r i n g  t o  F i g .  3-14, i t  i s  s e e n  t h a t  K >> K s o  r e p l a c e  
~ 2  PI ' 
Kl(t)Kp2 by K and Kl(t)Kpl by z e r o  i n  Eq. 3.33. Then, one c a n  
proceed t o  de te rmine  what v a l u e  of t h e  c o n s t a n t  g a i n  K would c a u s e  
t h e  r e s u l t i n g  sys tem t o  be u n s t a b l e .  
For  t h e  v a l u e s  of d  and n ,  t y p i c a l  of t h e  s a t e l l i t e  c o n s i d e r e d  
h e r e ,  a p p l i c a t i o n  o f  R o u t h l s  c r i t e r i a  p roduces  t h e  approximate  c o n d i t i o n  
Equat ion 3.34 g i v e s  an approximation t o  t h e  upper l i m i t  on Kl ( t ) .  
A s  a  more r i go rous  approach, a  Lyapunov f u n c t i o n  has been cons t ruc t ed  
which demonstrates  asymptot ic  s t a b i l i t y  f o r  K ( t )  l e s s  t han  an upper 
1 
l i m i t  agree ing  very  w e l l  wi th  E q .  3.34. The system i s  s t a b l e  f o r  
k ( t )  < 5.398, f o r  example, u s ing  t h e  Lyapunov approach with paramet r ic  1 
va lues ,  
D = 1.5 
Again, t h e  t i m e  v a r i a t i o n  of o r b i t a l  r a t e  has  on ly  a  s l i g h t  
e f f e c t  on t h e  r e s u l t s .  
A method of de te rmin ing  t h e  l i m i t s  on t h e  a l lowable  p o s i t i o n  
g a i n  has  now been e s t a b l i s h e d .  Suppose one s e t s  the ga ins  of t h e -  
c o n t r o l  system s o  t h e  system i s  opt imal  f o r  t h e  average magnetic f i e l d .  
Then t h e  prev ious  technique  de te rmines  whether o r  not  s t a b i l i t y  is  
maintained over  t h e  e n t i r e  range  of magnetic f i e l d  v a r i a t i o n s  f o r  t h a t  
p a r t i c u l a r  o r b i t .  The average magnetic f i e l d  f o r  an o r b i t  can  be found 
from p l o t s  such a s  F i g ,  3-15 t aken  from Ref. 3-18 by us ing  t h e  s e m i -  
major a x i s  a s  t h e  average r a d i u s .  
One must a l s o  i n v e s t i g a t e  t h e  s t a b i l i t y  of Mode 2 c o n t r o l ,  
i .e . ,  t h e  s i t u a t i o n  when on ly  t h e  s p i n  component of t h e  magnetic moment 
i s  used f o r  p o i n t i n g  c o n t r o l .  Consider  aga in  t h e  c a s e  where t h e  magnetic 
c o n t r o l  i s  f o r  p o s i t i o n  c o n t r o l  on ly .  By r e q u i r i n g  t h a t  t h e  average 
magnitudes of ax, a 6, and @ be always dec reas ing ,  one can o b t a i n  t h e  
Y' 
c o n d i t i o n  
2 2 
and K = 0 f o r  a l l  (I3 + I3 ) of t h e  o r b i t .  The s p i n  magnetic 
P 1 x Y 
moment du r ing  Mode 2 and 3  c o n t r o l  should then  be 
Inclination i - deg. 
F I G .  3-15, MAGNETIC F I E L D  AVERAGES FOR 
C I R C U L A R  O R B I T S .  
where K1 is  chosen s o  t h a t  Eq. 3.35 i s  s a t i s f i e d .  
g. S imu la t ion  r e s u l t s .  
- 
Throughout t h i s  s t udy ,  analog and d i g i t a l  s imu la t i ons  of t h e  
system have been made t o  v e r i f y  t h e  a n a l y t i c a l  r e s u l t s .  A b r i e f  summary 
of some of t h e  f i n d i n g s  of t h e s e  s imu la t i ons  w i l l  be mentioned here .  
I n  dec id ing  t o  use a  s t a t e  e s t i m a t o r  a s  p a r t  of t h e  c o n t r o l  
system, i t  was neces sa ry  t o  compare t h e  system response wi th  t h a t  which 
would occur  when no e s t i m a t o r  was used. Without an e s t i m a t o r  t h e  
magnetic p o s i t i o n  c o n t r o l  could be 
where 0 is t h e  r o l l  e r r o r  s i g n a l  coming d i r e c t l y  f r o n  t h e  hor izon  
senso r s .  Th i s  c o n t r o l  would, of cou r se ,  be supplemented wi th  a  
n u t a t i o n  damper. 
Assuming, t h e  exac t  c o n t r o l  to rque  is appl ied  a s  s p e c i f i e d  .by 
t h e  c o n t r o l  laws 3.37 and 3.31, t'he response t i m e s  were compared f o r  
d r i v i n g  t h e  s t a t e s  t o  ze ro  from a  v a r i e t y  of i n i t i a l  cond i t i ons .  For 
t h e  ca.ses c 'onsidered,  t h e  system wi th  t h e  e s t i m a t o r  was found t o  be 
a l l  t h e  from equa l ly -a s - f a s t  t o  twenty-times-as-fast  a s  t h e  system 
wi th  no e s t i m a t o r .  
T h i s  speed of response  has  two advantages.  Because d i s -  
tu rbance  t o rques  a r e  going t o  move t h e  s a t e l l i t e  s p i n  a x i s  away 
from normal t o  t h e  o r b i t  p l ane ,  f a s t  response means t h a t  t h e  average 
d e v i a t i o n  i s  l e s s .  Also,  because t h e  c o n t r o l  t o rque  depends 
upon t h e  magnetic f i e l d  a v a i l a b l e  (which f l u c t u a t e s  cons ide rab ly  i n  
e l l i p t i c  o r b i t s ) ,  it i s  d e s i r a b l e  t o  apply c o n t r o l  when t h e  magnetic 
f i e l d  s t r e n g t h  i s  s u f f i c i e n t l y  high.  However, without  an e s t i m a t o r ,  
t h e  d e t e c t a b l e  e r r o r  ( r o l l  component) might on ly  be p re sen t  when t h e  
magnetic f i e l d  s t r e n g t h  i s  low. Thus, without  an e s t i m a t o r  (which 
s e r v e s  a s  a  memory of t h e  e r r o r ) ,  i t  could  t ake  much longer  t o  d r i v e  
t h e  system t o  t h e  n u l l  p o s i t i o n .  
Analys i s  and s imu la t i on  showed no advantage of t h e  e s t i m a t o r  
f o r  o f f s e t t i n g  a  s t e a d y  s t a t e  yaw d i s t u r b a n c e  to rque .  But s i n c e  a c t u a l  
d i s tu rbances  ( see  F igs .  3-4 and 3-5) a r e  f l uc tua t i . ng ,  t h e  advantage 
i s  r e a l i z e d .  The s t e a d y  s t a t e  e r r o r  due t o  a  cons t an t  yaw to rque  i s  
approximate1 y  41 2 T ~ /  (Dn) where Tx is  t h e  normalized yaw torque .  
Other p o i n t s  s t ud i ed  by analog s imu la t i on  were t h e  e f f e c t  
of p u t t i n g  a  sampled s i g n a l  i n t o  t h e  e s t i m a t o r  and us ing  t h e  cons t an t  
parameter n  i n  t h e  e s t i m a t o r  equa t ions  r a t h e r  t han  a t ime-var iab le  
? + 4. Comparing a  sampled inpu t  s i g n a l  wi th  t h e  cont inuous e s t i m a t e  
of t h e  r o l l  e r r o r  causes  no problem i f  damping i s  done s o l e l y  by 
n u t a t i o n  damper. But such a  mechanizat ion causes. t h e  e s t i m a t e s  of t h e  
r a t e  terms & and & t o  have a  phase l a g  behind t h e  a c t u a l  r a t e s .  
Y 
The l a g  angle  depends upon t h e  speed of sampling. F igu re s  3-16a, b ,  
show t h e  response of t h e  r a t e s  and 6 when sampling r a t e  is f o u r  
ax X. 
t imes pe r  second. It can  be s een  t h a t  damping i s  poor and f i n a l l y  
nonexis tan t  when & goes t o  zero .  Th i s  problem can be r e c t i f i e d  
x* 
e i t h e r  by sampling 8 be fo re  comparing wi th  t h e  input  0 o r  by 
p u t t i n g  a l e ad  ang le  i n  t h e  r a t e  damping c o n t r o l  s i g n a l .  I f  Gx 
and d l a g  % and a by arr angle  A, t hen  t h e  damping c o n t r o l  should 
Y Y 
be 
T~ 
= - K ~ ( ~ O S A \  - s i n  A ;  
X 
Y 
T~ 
- -K ( s i n  A 6 + cos A & ) 
v  X Y 
Y 
F igu re s  3-16c, d  show ax and us ing  Eq. 3 .38  with  A = 60". 
X 
A11 uneven response was t h e  e f f e c t  of u s ing  a  c o n s t a n t  n  i n  
t h e  e s t i m a t o r  i n s t e a d  of  a  v a r i a b l e  P + (which i s  a v a i l a b l e  from 
t h e  hor izon  s e n s o r s )  t o  account f o r  o r b i t a l  r a t e .  The t r a j e c t o r i e s  
followed by t h e  s a t e l l i t e  s p i n  a x i s  were h igh ly  dependent upon i n i t i a l  
cond i t i ons  i n  such c a s e s  and o f t e n  r e s u l t e d  i n  l i m i t  c y c l e s  about some 
po in t  near  t h e  o r i g i n .  No evidence of ( i n s t a b i l i t y )  was seen  from t h i s  
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c o n d i t i o n ,  however. 
A f i n a l  p o i n t  which r equ i r ed  i n v e s t i g a t i o n  was t h e  performance 
of t h e  system du r ing  Mode 3 s p i n  c o n t r o l .  I t  can be shown t h a t  t o  
keep t h e  p o i n t i n g  e r r o r  a s  smal l  a s  p o s s i b l e  due t o  t h e  s p i n  c o n t r o l  
t o rque ,  t h i s  t o rque  should be appl ied  over  a  180' segment of t h e  
o r b i t .  For g r e a t e s t  e f f i c i e n c y ,  t h i s  segment should be cen te red  about 
t h e  pe r igee  po in t .  To check t h e  spYn c o r r e c t i o n  performance of t h i s  
c o n t r o l  and a l s o  observe t h e  e f f e c t  on t h e  po in t ing  e r r o r ,  s e v e r a l  
d i g i t a l  runs  were made wi th  t h e  a c t u a l  magnetic f i e l d  and r e a l i s t i c  
d i s t u r b a n c e  t o rques  inc luded .  
F igure  3.17 is  an example of t h e  response of s p i n  speed,  r o l l ,  
and yaw e r r o r s  dur ing  Mode 3 c o n t r o l  of a  15  revs/day o r b i t .  For 
t h i s  example, t h e  magnetic moment components a r e  
2  2 
measured i n  Amp - m . The magnetic f i e l d  components a r e  i n  ~ e b e r s l m  . 
-1 - 1 The parameters  d  and .-D were 0.0126 sec  and 1 .5  s e c  . These runs  
were based on boundary c o n s t a n t s  between Modes 1, 2,  and 3 of C - 1 - 
0.01 rad /sec  and C2 = 0.02 r a d l s e c  w i th  nominal s p i n  speed of one r a d l s e c .  
B. TRANSLATIONAL CONTROL hlECHANIZATION 
- 
FOR SPINNING SATELLITE 
The f u n c t i o n  of t h e  t r a n s l a t i o n a l  c o n t r o l  system i s  t o  keep t h e  
s a t e l l i t e  cen t e r ed  about t h e  proof mass i n  t h e  presence  of d i s t u r b i n g  
f o r c e s .  Th i s  is accomplished by a c t u a t i o n  of gas j e t s  based on an 
e r r o r  s i g n a l  der ived  from t h e  p o s i t i o n  of t h e  proof mass wi th  r e s p e c t  
t o  a  n u l l  po in t  f i x e d  i n  t h e  s a t e l l i t e .  A s  p r ev ious ly  pointed o u t ,  
sp inn ing  t h e  s a t e l l i t e  a t t e n u a t e s  t h e  problem of p l ac ing  t h i s  n u l l  
p o i n t  where t h e r e  i s  z e r o  mass a t t r a c t i o n  of t h e  s a t e l l i t e  on t h e  proof 
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mass. Hence, sp inn ing  makes p o s s i b l e  improved performance; however, 
i t  modif ies  t h e  mechanizat ion of  t h e  t r a n s l a t i o n a l  c o n t r o l .  Assuming 
a  l i n e a r  c o n t r o l l e r ,  Lange [ ~ e f .  3-20]showed t h a t  a  s imple c o r r e c t i o n  
term can  be added t o  t h e  c o n t r o l l e r  f o r  a  non-spinning veh ic l e  t o  
s t a b i l i z e  a  sp inning  veh ic l e .  A p r a c t i c a l  mechanization of t h i s  has 
been s imula ted  on analog and d i g i t a l  co~nputers  and b u i l t  i n  our  labora-  
t o r y  s imu la to r .  Under c o n t r o l l e d  c o n d i t i o n s ,  t h i s  mechanization works 
ve ry  w e l l ;  however, s t r i n g e n t  requirements  on t h e  e l e c t r o n i c  t o l e r a n c e s  
and t h e  mass-center /nul l  p o i n t  alignment a r e  necessary  t o  prevent  a  
c e r t a i n  phenomenon which we c a l l  " t rapping".  Accordingly, c o n t r o l  
mechanizat ions have been i n v e s t i g a t e d  which w i l l  a l l e v i a t e  t h e  t r app ing  
problem i n  t h e  s imp le s t  way p o s s i b l e .  
The Trapping Phenomenon 
The e x i s t i n g  c o n t r o l  mechsnizat ion f o r  t h e  two-degree-of-freedom 
l a b o r a t o r y  s imu la to r  c o n s i s t s  of pulse-width pulse-frequency modulators 
w i th  deadbands and l ead  compensation i n  each a x i s  and t h e  x c ros s -  
coup l ing  terms. The deadbands along each body-fixed a x i s  c r e a t e  a  
squa re  cieaaspzce i n  a  p lane .  I n  Fig. 3-18 below, i i n e s  of c o n t r o i  
FIG. 3-18. PLANAR DEADSPACE 
-93- 
d i r e c t i o n  a r e  sketched i n  t h e  f i r s t  quadrant  around t h e  deadspace. 
Note t h a t  i n  t h e  v i c i n i t y  of t h e  deadspace c o r n e r ,  t h e  f o r c e  is  i n  t h e  
wrong d i r e c t i o n  except  on t h e  45O l i n e  ( i t  should po in t  towards 
t h e  o r i g i n ) .  Th i s  f a c t ,  coupled wi th  sma l l  e r r o r s  i n  deadspace square-  
n e s s ,  c ross -coupl ing  terms,  o r  mass-center alignment g ives  r i s e  t o  
con t ro l - f  o r c e  d i r e c t i o n s  s u f f i c i e n t l y  e r roneous  t o  cause the' proof 
mass t o  become t rapped  near  a  deadspace co rne r .  Because t h e  s a t e l -  
l i t e  i s  sp inn ing ,  t h e  mass c e n t e r  ( o r i g i n  i n  Fig.  3-18) i s  desc r ib ing  
c i r c l e s  i n  i n e r t i a l  space. T h i s  s t a t e  i s  s t a b l e  and t h e  c o n t r o l  f o r c e  
con t inues  wi th  j u s t  t h e  r i g h t  d i r e c t i o n  and magnitude t o  balance t h e  
c e n t r i f u g a l  f o r c e  of t h e  mass c e n t e r ' s  c i r c u l a r  motion, t hus  wast ing 
p r o p e l l a n t .  
The p o i n t  where t h e  c e n t e r  of  t h e  proof mass becomes t rapped is  
r e a d i l y  c a l c u l a t e d  by assuming t h e  c o n t r o l  f o r c e  i s  l i n e a r  a f t e r  
c r o s s i n g  t h e  deadspace t h r e sho ld .  The c o n t r o l  law g iven  by Lange 
[ ~ e f .  3-20] i s  modified by t h e  square .  deadspace y i e ld ing  an express ion  f o r  
t h e  c o n t r o l  e r r o r  s i g n a l  v a l i d  i n  t h e  shaded r eg ion  of F ig .  3-18 a s  
f  01 lows : 
where 
7 a r a t e  g a i n / p o s i t i o n  g a i n  
w 6 v e h i c l e  s p i n  r a t e  
(dx, dy )  fi deadband parameters  . 
The approach taken  i s  t o  assume t h e  v e h i c l e  is  i n  t h e  t rapped s t a t e  
(observed expe r imen ta l l y  on t h e  l a b o r a t o r y  s imu la to r  and dup l i ca t ed  on 
t h e  analog computer) and t o  look  f o r  p o i n t s  which w i l l  maintain i t .  
The observed l i m i t  c y c l e  c o n s i s t e d  of cons t an t  va lues  of e e  
x '  y' 
x ,  and y  wi th  5 = = 0. Constant  x and y  imply t h e  c e n t e r  of 
mass is  t r a v e r s i n g  c i r c l e s  i n  i n e r t i a l  space  i f  i t  l i e s  anywhere o t h e r  
t han  a t  t hose  va lues  of x  and y. Main ta in ing  t h i s  s t a t e  r e q u i r e s  
c o n t r o l  a c t i o n  i n  t h e  d i r e c t i o n  and magnitude t o  provide t h e  c e n t r i f u g a l  
a c c e l e r a t i o n  of t h i s  c i r c u l a r  motion. 
Assuming t h e  ?en t e r  of  mass (c.m.) i s  loca t ed  a t  ( x ,  y e  we a r e  
looking  f o r  a  p o i n t  (x ,y )  where 
e Y - Ye 
Y 
- 1 )  - ( d i r e c t i o n  requirement)  
e x - x  
x e 
(magnitude 2) KJ- = J(x -XI: + (y  - ye12' u2 a m v  
requirement 
K = c o n t r o l  f o r c e  g a i n ,  
P  
w = a c t u a l  v e h i c l e  r o t a t i o n  r a t e ,  
a  
m = v e h i c l e  mass. 
v  
The d i r e c t i o n  requi rement ,  coupled wi th  equa t ions  3.39 and 3.40 wi th  
k = = 0 ,  y i e l d  a  c i r c u l a r  l ocus  of p o i n t s  w i th  c e n t e r  a t  
and r a d i u s  =&= . 
S i m i l a r  exp re s s ions  can  be der ived  f o r  t h e  o t h e r  t h r e e  p o s s i b l e  
quadran ts .  
Trapping w i l l  be maintained a t  some po in t  on t h e  c i r c l e  i f  t h e r e  i s  
a  p o r t i o n  of t h e  c i r c l e  i n  t h e  assumed quadrant (e x > 0 ,  e  Y > 0 ) ,  s i n c e  
va lues  of K a r e  t y p i c a l l y  l a r g e  enough t o  s a t i s f y  t h e  magnitude re- 
P  
quirement.  A p o r t i o n  of t h e  c i r c u l a r  l ocus  appears  i n  t h e  assumed 
quadrant when 
I n  t h e  l a b o r a t o r y  s i m u l a t o r ,  yU = 1 and wi th  
= y e  = 0 and e  
d  = d (square deadspace) t h e r e  i s  no so l -u t ion ,  However, d  > d 
X Y Y X  
o r  ye < 0 ,  x  = 0 y i e l d  s o l u t i o n s .  
e  
The i n f l u e n c e  o f  t h e  term yw is i n t e r e s t i n g :  
Y W  < 1: t h e r e  a lways e x i s t s  a  t r a p p i n g ,  s o l u t i o n  i n  some quadrant  
even w i t h  a  s q u a r e  deadspace and no c e n t e r  of mass e r r o r .  
yw > 1: t h e  requ i rement  f o r  p e r f e c t  s q u a r e n e s s  d i m i n i s h e s .  )row- 
e v e r ,  t h e  a f f e c t  of c.m. e r r o r  i s  a m p l i f i e d  by t h e  
f a c t o r  (y2w2 +1)/2?w ' . 
I t  is a l s o  i n t e r e s t i n g  t o  c a l c u l a t e  t h e  c.m. d i sp lacement  (ye) a t  
which t h e  t r a p p i n g  l o c u s  j u s t  appears :  assume a  s q u a r e  deadspace,  i . e . ,  
t h e n  t h e  l o c u s  j u s t  a p p e a r s  when 
D i f f e r e n t i a t i n g  t h i s  e x p r e s s i o n  w i t h  r e s p e c t  t o  yw and s e t t i n g  equa!, t o  
z e r o  y i e l d s  a  maximum p e r m i s s i b l e  e x c u r s i o n  (y  ") w i t h  a  p e r f e c t  s q u a r e  
e 
deadspace 
f o r  
With a  c i r c u l a r  deadspace ,  t h e  s o l u t i o n  i s  no l o n g e r  quadran t  
dependen t ,  and t h e  l o c u s  o f  p o s s i b l e  s o l u t i o n s  is  a g a i n  a c i r c l e  
c e n t e r :  
C 
r a d i u s :  r=Jv 
C 
The, requirement  f o r  t r app ing  i s  t h a t  the above c i r c l e  d iameter  exceed 
t h e  deadspace r a d i u s .  Hence, t h e  r a t i o  of a l lowable  c e n t e r  of mass 
excu r s ion  ('dm) t o  deadspace r a d i u s  r is g iven  a s  
db 
* Again, t h e  maximum pe rmis s ib l e  c e n t e r  of mass excu r s ion  (r ) is  r e a d i l y  
cm 
Analys i s  of an  oc tagonal  deadspace fo l lows  along s i m i l a r  l i n e s  a s  
t h e  round and squa re  deadspaces and y i e l d s  
2. Con t ro l  Mechanizations I n v e s t i g a t e d  
Bas ic  i d e a s  c o n s i d e r e d ' f o r  t h e  e l i m i n a t i o n  o r  a t t e n u a t i o n  of t h e  
t r a p p i n g  phenomena have cen t e r ed  around mod i f i ca t i on  of t h e  deadspace 
shape and i n t r o d u c t i o n  of s t a t e  e s t i m a t i o n  techniques .  Des i rab le  
p r o p e r t i e s  of e s t i m a t o r s  i nc lude  
( a )  n o i s e  a t t e n u a t i o n ,  
(b)  a b i l i t y  t o  e s t i m a t e  c,m, p o s i t i o n  (xe, ye) and c o n t r o l  t o  i t ,  
. r a the r  t han  s e n s o r  n u l l .  
(c )  h igh  bandwidth enab l ing  s impler  modulators.  
S u s c e p t i b i l i t y  t o  t r a p p i n g  i s  a f f e c t e d  by (1) c e n t e r  of mass d i s -  
placement from t h e  s enso r  n u l l  p o i n t  (x e and ye), and (2) e r r o r s  i n  
mechanization of t h e  c o n t r o l  law. Resu l t s  of a n a l y s i s  of t h e  f i r s t  
c a t ego ry  ( c a r r i e d  ou t  i n  S e c t i o n  1 above) a r e  g iven  i.n Table  3-1. 
The maximum va lues  of the,al l .owable  excurs ion  a r e  t abu la t ed  along wi th  
t h e  value of yw which produces t h e  maximum. Trapping,  however, is not 
t h e  on ly  c o n s i d e r a t i o n  i n  s e l e c t i n g  t h e  bes t  va lue  of yw f o r  a  c o n t r o l  
system des ign .  The va lue  of y  ( r a t e  g a i n / p o s i t i o n  g a i n )  must be 
compatible  wi th  good c o n t r o l  system performance i n  t h e  presence  of l a r g e  
d i s t u r b i n g  f o r c e s  and l a r g e  i n i t i a l  cond i t i ons .  The angular  s p i n  r a t e  
(w) i s  inf luenced  by a t t i t u d e  c o n t r o l  and mass -a t t r ac t i on  averaging 
cons ide ra t i ons .  These f a c t o r s  may d i c t a t e  cho ice  of a  yw va lue  
, 
al lowing l e s s  c.m. excurs ion  than  t h a t  t a b u l a t e d .  
Mechanization e r r o r s  a r i s i n g  from component t o l e r a n c e s  and ampli- 
f i e r  b i a s e s  t y p i c a l l y  cause c o n t r o l  s i g n a l s  t o  be o f f  about 10% of 
f u l l  s c a l e  o r  about 20% of t h e  deadband. Th i s  t r a n s l a t e s  roughly 
one t o  one i n t o  an equ iva l en t  c.m. excurs ion ,  hence, a  system could  be 
on t h e  verge of t r app ing  from mechanizat ion e r r o r s  a lone  i f  a  square  
deadspace was used. 
Table  3-1 a l s o  i n d i c a t e s  r e l a t i v e  complexi t ies  of t h e  systems 
J f -., .rrr..lng u~ y c . t c . m ~  w l t h o u ~  compensatiorl or k ~ i i i ~ i a i ~ i ' .  The pri-----  -+-- --I ' 
@ and @ simple compared t o  o t h e r  schemes i s  t h e  square  deadspace. 
Overa l l  system complexi ty  is  a  s t r o n g  f u n c t i o n  of t h e  e s t i m a t o r  con- 
f i g u r a t i o n  which w i l l  be d i s cus sed  next .  
* 
3. S t a t e  Es t ima t ion  Techniques.  
I f  a  dynamical system is  thought  t o  obey t h e  s e t  of system equa- 
t i ons  
where 
x  k s t a t e  v e c t o r ,  
F} &! cons t an t  ma t r i ce s ,  
G 
A 
u = known c o n t r o l  v e c t o r ,  
TA
BL
E 
3-
1.
 
SU
M
M
AR
Y 
OF
 M
EC
I-
IA
N1
 ZA
T 
IO
NS
 I
NV
ES
TI
GA
TE
D 
m
o
st
 
c
o
m
pl
ex
 
be
in
g 
b
u
il
t 
o
n
 
s
im
u
la
to
r 
.
 
m
o
st
 
c
o
m
pl
ex
 
e
s
ti
m
at
o
r 
le
ss
 c
o
m
pl
ex
 
le
ss
 c
o
m
pl
ex
 
DE
FI
NI
TI
ON
S:
 A
 
p-
w
 
p-
f 
=
 
pu
ls
e-
w
id
th
 
pu
ls
e-
f 
r
e
qu
en
c 
y 
m
o
dt
tl
at
or
 
+
I+
 e sq
u
ar
e 
de
ad
sp
ac
e 
+
 c
ir
c
u
la
r 
de
ad
sp
ac
e 
-
 
A 
P
 
=
 
p
o
si
ti
o
n
 o
f 
m
a
s
s
 
c
e
n
te
r 
w
it
h
 r
e
s
p
ec
t 
t
o
 p
ro
of
 
m
a
ss
 
4
 
4 
ti
m
e 
r
a
te
 o
f 
c
ha
ng
e 
o
f 
p 
in
 a
n
 
in
e
rt
ia
l 
fr
am
e.
 
-
4- 
4 
o
c
ta
go
na
l 
de
ad
sp
ac
e 
' 
r
a
te
 g
ai
n
 
7u
 
O
(p
os
it
io
n 
g
ai
n
 ) (
an
gu
la
r 
r
a
te
) 
r
o
ta
ti
o
n
 
an "est inlator l '  o r  "observer" f o r  t h i s  system is 
0 
= FS + GU + K(y - H;) 
, . 
where 
A A 
x = es t imated  s t a t e  vec tor  ' 
A K = cons t an t  e s t i m a t o r  g a i n  mat r ix  
' A y = measurement vec to r  
A H = cons t an t  matr ix.  
When t h e  measurement vec to r  is  a l s o  a s t a t e ,  t h e  est imated s t a t e  vec tor  
need not inc lude  t h e s e  s t a t e s  and Eq .  3.50 i s  somewhat modified. This  
i s  sometimes r e f e r r e d  t o  a s  a "reduced s t a t e  observer"  o r  "minimal-order 
observer".  Recent r e f e rences  cover ing  t h e  theory  of t h e s e  s t a t e  e s t i -  
mation techniques  a r e  Ref. 3-21 and 3-22. 
The normalized t r a n s l a t i o n a l  equa t ions  of p l ana r  motion of a 
r o t a t i n g  body i n  body coordina\tes may be w r i t t e n  
where 
A 
X ,  Y = p o s i t i o n  of mass c e n t e r  wi th  r e spec t  t o  i n e r t i a l  space ,  
A 
v v = t ime r a t e  of change of p o s i t i o n ,  
x '  Y 
f C  f C  A = c o n t r o l  a c c e l e r a t i o n s ,  
x '  Y 
w ? s p i n  r a t e ,  
d fd  A 
f x ,  y 
= d i s tu rbance  acce l e ra t . i ons ,  
A 
X 
e ' 'e
= c e n t e r  of mass displacement .  
d 2 ( a )  d i s tu rbances  and c.m. displacement  n e g l i g i b l e  (f - W x = 0, 
e t c . )  i x e 
( b )  x , y  a r e  measured d i r e c t l y ,  1 
t hen ,  one of t h e  most s imple  examples of an e s t i m a t o r  i s  example 3 
i n  Table  3-2. 
d  
I f  f  and c.m. displacement  a r e  no t  n e g l i g i b l e ,  e r r o r s  w i l l  be p re sen t  
A h 
i n  t h e  e s t i m a t e  of  t h e  s t a t e s  (2 and G ) .  I f  t h e s e  e r r o r s  a r e  not  accept -  
a b l e  o r  i f  we d e s i r e  knowledge of t h e  unknovm q u a ~ i i i i i e s ,  " i k e i i  'ilia 
s t a t e  vec to r  i s  augmented wi th  t h e s e  e r r o r s  a s  c o n s t a n t s  t o  be est imated. ,  
The e s t i m a t o r  equa t ions  then  become (example @ i n  Table  3-2) 
A reduced s t a t e  e s t i m a t o r  wi th  a  r e v i s e d  s t a t e  formula t ion  can a l s o  be 
mechanized f o r  t h i s  system. I f  w e  d e f i n e  
-101- 
TABLE 3-2. 
Number of 
Operational 
1 Amplifier 
d 
2 
6 
4 
8 
A 
C.M. 
Tolerance 
Requirements 
see Table 3-1 
see Table 3-1 
see Table 1 
best 
best 
Description 
69 
lead compensa- 
t ion 
4-state (x, v) 
est iniator 
@ 
2-state (v) 
estimator 
(reduceti s t  aiej 
0 
4-state (v, c.m.) 
estimator 
(reduced state) 
@ 
6-state (x, v, 
c.m.) estimator 
Noise 
Rejection 
bad 
best 
good 
good 
best 
Electronic 
Tolera~lce 
Requirements 
best 
good 
bad 
bad 
good 
vx d 5 - w y  I i n e r t i a l  v e l o c i t y  i n  body c o o r d i n a t e s ,  v 4 j , + w x  Y -  
t h e n  t h e  e q u a t i o n s  o f  motion a r e  
The sys tem m a t r i x  of Eq. 3.54 is  p a r t i t i o n e d  a s  shown i n  l i n e  w i t h  t h e  
s t a t e s  be ing  d i r e c t l y  observed .  T h i s  d e f i n e s  t h e  f o l l o w i n g  submat r ices :  
and t h e  reduced s t a t e  e s t i m a t o r  i n  b l o c k  diagram form coupled w i t h  a  
s i m p l e  p u l s e  modulator  is a s  shown i n  F i g .  3-19. 
T h i s  e s t i m a t o r / m o d u l a t o r  c o n f i g u r a t i o n  i s  t h e  r o t a t i n g  v e h i c l e  
e q u i v a l e n t  of t h e  d e r i v e d  r a t e  c o n t r o l l e r  i n  common u s e  t o d a y  [ ~ e f .  
3-23]. 
Other  e s t i m a t o r  forms c o n s i d e r e d  i n c l u d e  v a r i a t i o n s  o f  t h e  s t a t e  d e f -  
i n i t i o n s  a s  w e l l  a s  t h e  number o f  s t a t e s . b e i n g  e s t i m a t e d .  I n  a d d i t i o n ,  
F I G .  3-19. ROTATING V E H I C L E  DERIVED RATE CONTROLLER 
var ious  ~nechaniza t ions  a r e  p o s s i b l e  f o r  a  given e s t i m a t o r  form. For 
A h 
~ : i z n p l ~ ,  t!xc su5trastien of (s - H) a ~ d  (JI  - y )  i n  fu3.1 s t a t e  e p t i -  
mators (e.g.  E q s ,  3 . 5 3  and 3.54) can  be performed i n  a  s e p a r a t e  a m p l i f i e r  
o r  i n  each i n t e g r a t o r  of t h e  system. A vec to r  block diagram i l l u s t r a t i n g  
t h i s  mechanization d i f f e r e n c e  i s  given i n  F ig .  3-20, a  and b,  
Resu l t s  of t h e  a n a l y s i s  of t h e  d i f f e r e n t  forms and mechanizations 
can  be summarized a s  fo l lows:  
(1)  S t a t e  r e d e f i n i t i o n  s o  t h a t  t h e  e r r o r  s i g n a l  i s  a  s t a t e :  
(a)' reduces e r r o r s  due t o  component t o l e r a n c e  
(b)  reduces number of a m p l i f i e r s  r e q u i r e d ;  
(2) Mechanizing e x t r a  a m p l i f i e r s  f o r  computing t h e  d i f f e r e n c e  
between measured q u a n t i t i e s  and es t imated  q u a n t i t i e s  i n  
f u l l  s t a t e  e s t i m a t o r s  s u b s t a n t i a l l y  reduces e r r o r s  due t o  
component t o l e r a n c e s ;  
(3 )  Reduced s t a t e  e s t i m a t o r s  a r e  i n h e r e n t l y  s e n s i t i v e  t o  component I 
t o l e r a n c e s  because t h e  s t e p  suggested i n  ( 2 )  above i.s not  
p o s s i b l e .  
Table  3-2 summarizes some of t h e  c h a r a c t e r i s t i c s  of va r ious  
e s t ima to r  forms and lead  compensation. A l l  t h e  e s t i m a t o r  forms s h a r e  a  
common c h a r a c t e r i s t i c  response t o  a  c o ~ z t r o l  pu l se .  The c o n t r o l  s i g n a l  i s  
F I G .  3-20a: ESTIMATOR WITH S W i A T I O N  A h l P L I F I E R  
F I G .  3-20b: ESTIh lATOR WITNOUI' SUMhIATION A M P L I F I E R  
f ed  i n t o  a  v e l o c i t y  s t a t e  i n t e g r a t o r  e s s e n t i a l l y  d u p l i c a t i n g  t h e  response 
of t h e  a c t u a l  dynamical system. Thus, one could s a y  t h e  bandwidth of t h e  
response t o  a  c o n t r o l  pu l se  i s  i n f i n i t e .  This  i s  fundamental ly  d i f f e r e n t  
from l ead  compensation w h i c h ' r e l i e s  on s ens ing  a  change i n  v e l o c i t y  from 
observed p o s i t i o n  d a t a .  Th i s  h igh  bandwidth t o  c o n t r o l  pu l se s  a l lows 
use of s imp le r  modulators w i th  e s t i m a t o r s .  
U t i l i z a t i o n ' o f  a  square  deadspace appears  marginal even wi th  per-  
f  e c t  c .  m. l o c a t i o n ,  e l i m i n a t i n g  ' schemes with square  deadspace @ 
and @ i n  Table  3-1. 
Two d e s i r a b l e  c h a r a c t e r i s t i c s  of  t h e  e s t i m a t o r s  a r e  (1) n o i s e  
r e j e c t i o n .  and (2 )  a b i l i t y  t o  e s t i m a t e  c . m .  l o c a t i o n  and c o n t r o l  t o  
i t ,  r a t h e r  t han  t o  s enso r  n u l l ,  t h u s  r e l a x i n g  t h e  requirement of p h y s i c a l  
c o n t r o l  of t h e  c.m. l o c a t i o n .  
I f  an e s t i m a t o r  is  r e q u i r e d ,  systems u t i l i z i n g  t h e  high bandwidth 
t o  s i m p l i f y  t h e  modulator appear  t o  be t h e  1-ogical choice  (schemes 
9 c;d ----- @ I n  T a b l c  3-1:. ?,lthocgf., Lead conpezszticr, zsy be . -  Y " l b A  
adequate from a  no i se  and c.m. s t a n d p o i n t ,  i t s  s e l e c t i o n  over  a  s imple 
e s t i m a t o r  form (such a s  @ o r  @ i n  Table  3-2) i s  not  immediate. The 
a d d i t i o n a l  complexi ty  i n  t h e  modulator r equ i r ed  when us ing  l ead  compensa- 
t i o n  i s  balanced by t h e  a d d i t i o n a l  complexi ty  of t h e  e s t i m a t o r .  Th i s  
choice  e s s e n t i a l l y  reduces t o  pulse-width pulse-frequency o r  " r o t a t i n g  
der ived  r a t e " .  Unlike l/s2 p l a n t s ,  where t h e  der ived  r a t e  is  c l e a r l y  
t h e  s impler  c o n t r o l l e r ,  t h e  r o t a t i n g  p l a n t  r e q u i r e s  a d d i t i o n a l  complexi ty  
i n  t h e  e s t i m a t o r  making t h e  cho ice  an even one. 
Mechanization of a  system w i t h  c i r c u l a r  deadbands, l e ad  compensa- 
t i o n ,  and a  p-w p-f modulator (scheme @ i n  Table  3-1) on our  l a b o r a t o r y  
s imu la to r  is nea r ing  complet ion.  Th i s  should al low v e r i f i c a t i o n  of our  
analog and d i g i t a l  s imu la t i ons  of t h e  system. I n  a d d i t i o n ,  a  s i x - s t a t e  
e s t i m a t o r  (Form @ i n  Table  3-2) is be ing  b u i l t  I o r  s u b s t i t u t i o n  i n  p l a c e  
of t h e  l ead  compensation ( t hus  producing scheme @) i n  Table  3-1). Th i s  
w i l l  p rov ide  l a b o r a t o r y  v e r i f i c a t i o n  of t h e  e s t ima to r  concept .  
C  . INTERACTION BETWEEN TIUNSLATIONAL CONTROL AND 
GRAVITY STABILIZED ATTITUDE MOTION 
/ 
T h i s  s e c t i o n  g i v e s  a t t e n t i o n  t o  t h e  a n a l y s i s  of a  phenomenon which 
c a n  o c c u r  w i t h  a  d r a g - f r e e  g r a v i t y - s t a b i l i z e d  v e h i c l e .  T h i s  s i t u a t i o n  
c o u l d  a r i s e ,  f o r  example,  i f  t h e  c u r r e n t l y  planned GEOS-C geodesy 
s a t e l l i t e  was t o  be made d r a g - f r e e  by t h e  a d d i t i o n  o f  an  "add-on drag-  
f r e e  device" .  The phenomenon is  t h e  p o s s i b i l i t y  o f  a t t i t u d e  i n s t a b i l i t y  
a s  a  r e s u l t  o f  c o u p l i n g  ( o r  i n t e r a c t i o n )  between t h e  t r a n s l a t i o n a l  
c o n t r o l  sys tem and t h e  g r a v i t y  s t a b i l i z e d  a t t i t u d e  motion.  
I f  t h e  p i c k o f f  n u l l  and s a t e l l i t e  mass c e n t e r  a r e  n o t  c o i n c i d e n t ,  
t h e  p i c k o f f  i n t e r p r e t s  a t t i t u d e  motion o f  t h e  s a t e l l i t e  about t h e  mass 
c e n t e r  a s  a  change i n  t h e  p o s i t i o n  of t h e  proof  mass, and t h e  c o n t r o l  
a c t u a t o r s  a r e  commanded a c c o r d i n g l y  t o  n u l l  o u t  t h i s  p o s i t i o n  change.  
I f  t h e  a c t u a t o r s  c a n  e x e r t  a  monent about  t h e  s a t e l l i t e  mass c e n t e r ,  
t h e n  t h e r e  is  , t h e  p o s s i b i l i t y  t h a t  a t t i t u d e  motion i t s e l f  can g e n e r a t e  
a t t i t u d e  t o r q u e s  i n  such  a  way t h a t  t h e  sys tem i s  u n s t a b l e .  
1. Nonl inear  E q u a t i o n s  o f  Motion. 
Cons ider  a  r i g i d ,  g r a v i t y - s t a b i l i z e d  Drag-Free S a t e l l i t e  t o  which 
t h e r e  is  a p p l i e d  a  c o l l e c t i o n  o f  t r a n s l a t i o n a l  c o n t r o l  f o r c e s ,  CFj,  where 
t h e  s u b s c r i p t  j d e n o t e s  t h e  j t h  c o n t r o l  a c t u a t o r .  I f  R d e n o t e s  
c  -pm 
t h e  p o s i t i o n  v e c t o r  o f  t h e  s a t e l l i t e  composi te  mass c e n t e r  ( c )  w i t h  
r e s p e c t  t o  t h e  proof  mass (pm) [F ig .  3-21], w e  c a n  t h e n  w r i t e  
- 
I n  Eq. 3.55, F  and Fpm, d e n o t e  r e s p e c t i v e l y ,  t h e  g r a v i t a t i o n a l  f o r c e s  
G G 
a c t i n g  on t h e  s a t e l l i t e  body and on t h e  proof mass. F~ is  the c o l l e c t i o n  
of e x t e r n a l  d i s t u r b a n c e  f o r c e s  on t h e  s a t e l l i t e ,  and m and m d e n o t e  t P m 
r e s p e c t i v e l y  t h e  masses o f  t h e  s a t e l l i t e  and proof mass. 
For  t h e  r e l a t i v e  a c c e l e r a t i o n  between t h e  s a t e l l i t e ' s  mass c e n t e r ,  
c, and t h e  proof  mass, pm, due t o  t h e  g r a v i t a t i o n a l  f o r c e s ,  one h a s  
a t e l l i t e  Mass Cen te r  
FIG. 3-21: GEOMETRY OF THE PICKOFF NULL, SATELLITE 
MASS CENTER, AND PROOF MASS. 
0 Pm 0 c-pm 
where m d e n o t e s  t h e  mass o f  t h e  e a r t h ,  and w i s  t h e  ( c o n s t a n t )  
@ .  0 
o r b i t a l  a n g u l a r  v e l o c i t y  of c  abou t  t h e  e a r t h .  
- 
F~ 
- - -  a 2 - 
-w R 
m m 
t 
o  c-pm 
P  m 
A A 
where 1 d e n o t e s  t h e  u n i t  d i a d i c  and R i s  t h e  u n i t  v e c t o r  i n  t h e  
h A pm 
d i r e c t i o n  o f  R 
To  w r i t e  t h e  s c a l a r  e q u a t i o n s  o f  mot ion of  t h e  S a t e l l i t e ,  l e t  
A A 
= (gi. G 2 ,  0  ) be a  s e t  o f  r e f e r e n c e  o r t h o g o n a l  u n i t  v e c t o r s  3  
h 
c e n t e r e d  a t  [ F i g .  3-22] ; el is t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  
A 
f rom t h e  e a r t h ' s  mass c e n t e r  t o  c ,  8, i s  t h e  u n i t  v e c t o r  i n  t h e  
3 
- 
d i r e c t i o n  o f  t h e  o r b i t a l  a n g u l a r  v e l o c i t y  w and 2 is such  t h a t  
0 l 2 -
A A A 
0  = 8 x el . ($1 is  r o t a t i n g  i n  s p a c e  w i t h  a n g u l a r  v e l o c i t y  
- 
2 3A A A A A  
w = a 0  L e t  (N) = (nl; n2, n3) be a  s e t  o f  o r t h o g o n a l  u n i t  v e c t o r s  
0 0 3' A 
c e n t e r e d  a t  c .  and f i x e d  i n  t h e  s a t e l l i t e .  The o r i e n t a t i o n  o f  (N] 
is s u c h  t h a t  i t  is  c o i n c i d e n t ,  a t  any  i n s t a n t  o f  t i m e ,  w i t h  t h e  p r i n c i p a l  
i n e r t i a  a x e s  o f  t h e  s a t e l l i t e .  
Any o r i e n t a t i o n  o f  t h e  s a t e l l i t e  w i t h  r e s p e c t  t o  t h e  r e f e r e n c e  
A 
f rame  (21 is o b t a i n e d  by a l i g n i n g  (N) w i t h  (2) and t h e n  pe r fo rming  
t h r e e  s u c c e s s i v e  r i g h t - h a n d  E u l e r  r o t a t i o n s  a s  shown i n  F i g .  3-22: 
A A $1 
a b o u t  t h e  a x i s  a l i g n e d  w i t h  n  9 abou t  t h e  new d i r e c t i o n  of  t h e  a x i s  
A 1' 2 
a l i g n e d  w i t h  n  and 8 abou t  t h e  f i n a l  d i r e c t i o n  o f  t h e  a x i s  a l i g n e d  2 '  3  
w i t h  T h i s  set o f  r o t a t i o n s  p roduces  t h e  s o - c a l l e d  n o n c l a s s i c a l  3'  
E u l e r  a n g l e s .  
A A 
The r e l a t i o n  between t h e  u n i t  v e c t o r s  0 .  and n  (i = 1 ,  2 ,  3 )  
1. i 
c a n  be  immedia te ly  o b t a i n e d  a s  
Proof  Mass 
t e l l i t e  Mass C e n t e r  
O r b i t a l  
Bod y-Fixed 
E a r t h  Mass C e n t e r  
FIG. 3-22: GEOhETRY OF THE ORBITAL AND BODY-FIXED 
REFERENCE FRAMES. 
I 
I -case s i n e  s i n e  
I 2  3  I 
I I 
I I 
I I X 
+ s i n e  s i n 0  cose  lcose cose  - s i n 0  s i n e  s i n e  !-sine case 1 2  3  I 1 3  1 2  3  I 1 
I I 
I I 
I I 
- cose  s i n e  cos0  ; s i n e  cose  + cose  s i n 0  s i n 0  lcose cose2 
1 2  3 I 1 3  1 2  31 1 
I 
By n o t i c i n g  t h a t  
and by express ing  t h e  l e f t  hand s i d e  of Eq. 3.54 i n  t h e  coo rd ina t e  system 
( ;  t h e  t h r e e  fo l lowing  s c a l a r  equat ions  desc r ib ing  t h e  t r a n s l a t i o n  motion of 
- 
c  wi th  r e spec t  t o  proof mass i n  t h e  absence of e x t e r n a l  d i s tu rbances ,  F~ ' 
a r e  obta ined  
< 
cose  - f  . s i n 0  )case + f  s i n e  j l  3  52 3  2  j 3  2  
m Y+2w X = x f  ( s i n e  case +cosB s i n e  s i n e  )+f ( s i n 8  s i n 8  s i n e  - - cod  cose  ) 
t [ 0 1  [ j l  3  2 2 2 1 j 2  3  2  1 3  1 
7 
- f  cose  s i n e  j 3  
( s i n e  s i n e  -cosG s i n e  cose  )+f  ( s i n e  s i n e  cose +cos0 s i n e  ) 
- m [ i + w i i ] = ~ k ~ ~  t 1 3  2 1 j 2  3  2  1 3  1 
+. f cose  cose  . j 3  11 
A A A t h 
I f  F.(= r .  n  JI .  1 + rj2n2 + n ) denotes  t h e  vec to r  from t h e  j t r a n s -  J  j 3  3 - - 
l a t i o n a l  con t ro l  a c t u a t o r  t o  c ,  t h e  moment T .  about c ,  due t o  F . ,  J  .J 
i s  then  
If 119 12, and I a r e  t h e  t h r e e  p r i n c i p a l  moments o f  i n e r t i a  of  3 
t h e  s a t e l l i t e  ( e x c l u d i n g  t h e  p r o o f  mass, which never  t o u c h e s  t h e  s a t e l l i t e ) ,  
a p p l i c a t i o n  of t h e  a n g u l a r  momentum p r i n c i p l e  g i v e s  t h e  t h r e e  f o l l o w i n g  
e q u a t i o n s ,  d e s c r i b i n g  t h e  r o t a t i o n a l  mot ion o f  t h e  v e h i c l e  about  c  
I n  E q .  3.61,  wl,  w2, and w a r e  t h e  t h r e e  measure numbers of t h e  3 
'components o f  t h e  a n g u l a r  v e l o c i t y  o f  t h e  s a t e l l i t e  ( w i t h  r e s p e c t  t o  
i n e r t i a l  s p a c e ) ,  e x p r e s s e d  i n  ) and i s  t h e  c o n s t a n t  a n g u l a r  
momentum (wi th  r e s p e c t  t o  t h e  s a t e l l i t e  body) of  a  yaw c o u p l i n g  r o t o r  
- A 
connec ted  t o  t h e  s a t e l l i t e  i n  s u c h  a  way t h a t  h  = hn 3 
The e x p r e s s i o n s  f o r  w i n  terms o f  t h e  a t t i t u d e  a n g l e s  8 i i 
( i  = 1, 2 ,  3)  a r e  
w - (6  + w s i n e  ) s i n e  + (hlcose2 - o cost3 s i n e  )cosB 1 -  2  0 1 3 0 1 2  3 
w = B + e s i n e  + w cose  cosq2 . 
3 3 1 2  0 1 
2. h e a s u r e d  Q u a n t i t i e s ,  C o n t r o l  F o r c e s ,  and Torques .  
The q u a n t i t i e s  sensed  by t h e  proof  mass p o s i t i o n  s e n s o r s  a r e  t h e  
t h r e e  measure numbers o f  t h e  components o f  t h e  v e c t o r  from t h e  "p ickof f  
n u l l "  (pk)  t o  t h e  p roof  mass (pm). Le t  g  1' g2 '  and g d e n o t e  t h e  
- n 
3  
A 
t h r e e  measured q u a n t i t i e s  ( i . e . ,  R pk-pm = gl,nl + g2n2 + g3n3) and 
- 
e l ,  "2'  and s t h e  t h r e e  measure numbers o f  t h e  components o f  R 
3 ; pk-c 
e x p r e s s e d  i n  ($1 . Then 
- - 
R = R + ii pk-pm . pk-c c-pm 
and i t  f o l l o w s  t h a t  
where t h e  s u p e r s c r i p t  T  d e n o t e s  m a t r i x  t r a n s p o s i t i o n .  The q u a n t i t i e s  
E , E and c ' can  be thought  o f  a s  b i a s  i n  t h e  p i c k o f f  s i g n a l  due 
1 2'  3 
t o  non-coincidence o f  the p i c k o f f  n u l l  and t h e  v e h i c l e  mass c e n t e r .  
The t h r e e  measure numbers f  ( i  = 1, 2 ,  3) o f  t h e  c o n t r o l  f o r c e  j i 
~ p p l i e d  tc t h z  .satcllli.te by the j t h  con t ro l .  a r t l ~ a t o r  a r e  assumed, 
f o r  purposes  h e r e ,  t o  be l i n e a r  f u n c t i o n s  o f  t h e  sensed  q u a n t i t i e s  and 
t h e i r  r a t e s .  
where k and kv a r e  " p o s i t i o n "  and " r a t e "  g a i n  c o n s t a n t s  r e s p e c t i v e l y .  
P  
F o r  t h e  measure numbers o f  t h e  c o n t r o l  t o r q u e ,  CT a  l i n e a r  j ' 
r e l a t i o n s h i p  is  assumed o f  t h e  form 
~ r h e r e  L i s  a  c o n s t a n t  3 X 3 m a t r i x  of e f f e c t i v e  f o r c e  moment arms 
about  t h e  s a t e l l i t e  mass c e n t e r ,  c ,  and is g e n e r a l l y  non-zero due t o  
e r r o r s  i n  al ignnlent and p h y s i c a l  c o n s t r a i n t s  o n  placement of a c t u a t o r s .  
3, Equilibrium Orientations and Positions 
To determine equilibrium solutions of Eq. 3.59 and 3.61, assume 
'i = constant 4 ' 6 (i = 1,2,3) ie 
x = constant x 
e ,  
Y = constant 4 Ye 
1 
Z = constant & Ze 
By substituting Eq. 3.66 into Eq. 3.59 and 3.61, and by assuming 
that all quantities in Eq. 3.66 are "small" (so that products of small 
quantities in Eq. 3.59 and Eq. 3,61 may be dropped), yields the equili- 
brium solution 
2 
Also assumed in this solution is that I k 1 '  >> 3w0 nt, (i.e., the 
P 
translational control natural frequency is very much higher than orbital 
frequency) a condition actually satisfied in practice. 
Equations 3.67 simply state that in equilibrium, without external 
disturbing forces, the proof mass is coincident with the pickoff null 
and the body principal axes and aligned with the orbital reference 
frame. 
4. Stability 
To a first approximation, the measured quantities gi (i = 1,2,+3) 
can be expressed, from Eq. 3.63, as 
where the subscript s denotes a perturbation from the equilibrium 
solution. 
Assuming that there are two translational control actuators for 
each axis of the satellite,'mounted in opposition to each other, the 
matrix L can be written as 
Linearizing Eqs. 3.59 and 3.61 about the equilibrium solution given 
in Eq. 3.67, and writing the result in the Laplace transform domain 
(leaving out initial conditions) after taking into consideration that 
2 I k I >> 3u0 mt, the following equations of motion are obtained 
P 
a
n
d 
Equat ions 3.71 and 3.72 r e p r e s e n t  t h e  f u l l '  six-degree-of-freedom 
system f o r  smal l  motion about t h e  equ i l i b r ium s o l u t i o n s  given i n  Eqs. 
3.67. I t  i s  obvious from t h e  equa t ions  t h a t  t h e  parameters  
€1 € 2 '  € 3  
(p ickof f  n u l l  o f f s e t s  from t h e  s a t e l l i t e  mass center . )  and j 1' a 2  a 3  
( e f f e c t i v e  moment arms of t h e  c o n t r o l  a c t u a t o r s  about t h e  s a t e l l i t e  
mass c e n t e r )  cause  coupl ing  between t h e  equa t ions  of t r a n s l a t i o n  and 
a t t i t u d e .  The s t a b i l i t y  of t h e s e  equa t ions  a s  a func t ion  of t h e s e  
parameters  i s  t h e  pr imary i n t e r e s t  here .  
To s i m p l i f y  t h e  a n a l y s i s  i n i t i a l l y ,  assume t h a t  c and a r e  ze ro  3  3  
and i n v e s t i g a t e  s t a b i l i t y  of  t h e  motion i n  the plane  of t h e  o r b i t ,  The 
equa t ions  f o r  t h i s  may be w r i t t e n  
The c h a r a c t e r i s t i c  equa t ion  of  t h i s  set of  equa t ions  can be approxi- 
mated very  c l o s e l y  by ..the equa t ion  
kv(%e1 + J2e2)  
A where K = I w  3  G 
The p a r a m e t e r  I, h a s  been i n c l u d e d  i n  Eqs.  3 .73 and 3.74 t o  
accoun t  f o r  some ra te -dependen t  damping of t h e  g r a v i t y  s t a b i l i z e d  a t t i t u d e  
l i b r a t i o n s .  T h i s  damping was n o t  i n c l u d e d  e x p l i c i t l y  i n  t h e  o r i g i n a l  
e q u a t i o n s  because  t h e  form i n  which i t  e n t e r s  t h e  e q u a t i o n s  i s  s o  depend- 
e n t  on mechan iza t ion .  
Viewing t h e  c h a r a c t e r i s t i c  Eq. 3.14 a s  a  f u n c t i o n  of  two p a r a m e t e r s ,  
K ,  and G ,  i t  i s  p o s s i b l e  t o  s k e t c h  t h e  l o c i  o f  t h e  r o o t s  a s  a f u n c t i o n  of  
K w h i l e  h o l d i n g  G c o n s t a n t .  T h e r e  a r e ,  of  c o u r s e ,  s i x  p o l e s  f o r  t h e  
l o c i ,  f o u r  c o r r e s p o n d i n g  t o  t h e  X and Y t r a n s l a t i o n a l  mode w i t h  normal ized  
undamped n a t u r a l  f r e q u e n c y  o f  I- = , and two c o r r e s p o n d i n g  t o  
t h e  g r a v i t y  s t a b i l i z e d  p i t c h  a t t i t u d e  w i t h  normal ized n a t u r a l  f r e q u e n c y  
o f  1. T h e r e  a r e  f i v e  z e r o s  f o r  t h e  l o c i ,  one  on t h e  n e g a t i v e  r e a l  a x i s  
a t  - k ,  two v e r y  n e a r  t h e  t r ~ n s l a t i o n a l  mode r o o t s  ( t h e  e x a c t  l o c a t i o n  
depends  on G), and two v e r y  n e a r  t h e  o r i g i n  on t h e  r e a l  a x i s .  
F i g .  3-23 i s  a  p l o t  of t h e  r o o t s  of t h e  sys tem c a l c u l a t e d  d i r e c t l y  
from Eqs.  3.73 (,lot t h e  approx imate  c h a r a c t e r i s t i c  e q u a t i o n ,  Eq. 3.74) 
f o r  t h e  pa ramete r  v a l u e s  i n d i c a t e d  i n  t h e  f i g u r e .  S i n c e  r e a l i s t i c  v r l u e s  
o f  t h e  f r e q u e n c y  r a t i o  r a r e  around 1 0 0 ,  i t  i s  n e c e s s a r y  t o  show t h e  
l o c i  w i t h  two d i f f e r e n t  s c a l i n g s ,  a  macro-view t o  i l l u s t r a t e  t h e  b e h a v i o r  
o f  t h e  r o o t s  of  t h e  t r a n s l a t i o n a l  mode and a  micro-view t o  o b s e r v e  t h e  
behav io r  of  t h e  g r a v i t y  s t a b i l i z e d  r o o t s  v e r y  n e a r  t h e  o r i g i n .  F o r  t h e  
c a s e  i l l u s t r a t e d  (G > 0 )  i t  is s e e n  t h a t  t h e  l o c i  c r o s s  t h e  r e a l  a x i s  
r e l a t i v e l y  q u i c k l y  f o r  v a l u e s  of K > 0 ,  b u t  t h a t  f o r  K < 0 ,  t h e  sys tem 
i s  s t a b l e  u n t i l  r e l a t i v e l y  l a r g e  n e g a t i v e  v a l u e s  of  K a r e  r eached .  A 
s i m i l a r  l o c i  p l o t  f o r  G < 0  would show t h a t  t h e  z e r o  on t h e  r e a l  a x i s  
n e a r  +2 moves t o  t h e  l e f t - h a l f  p l a n e  and t h e  l o c i  a g a i n  c r o s s  t h e  
imag inary  a x i s  f o r  r e l a t i v e l y  s m a l l  v a l u e s  o f  K ,  t h i s  t ime  f o r  K < 0. 
To o b t a i n  an  a n a l y t i c a l  r e l a t i o n s h i p  among t h e  f o u r  p a r a m e t e r s  
c l ~  E 2 1  i l ,  and A 2  and sys tem s t a b i l i t y ,  t h e  Routhian a r r a y  may be 
c o n s t r u c t e d  from t h e  a p p r o x i m ~ t e  c h a r a c t e r i s t i c  e q u a t i o n ,  Eq. 3 .74,  and 
c o n d i t i o n s  f o r  imag inary  a x i s  c r o s s o v e r  deduced from t h i s .  T h i s  y i e l d s  
t h e  s t a b i l i t y  c r i t e r i o n ' ,  
-118- 
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This relationship governs the imaginary axis crossover for the loci 
originating at the gravity stabilized poles: and is the primary constraint 
on specification of the allowable values of pickoff null offset (o and c2) 1 
and control actuator moment arms (Q and j 2 ) .  From Eq. 3.75 using approxi- 1 
mate GEOS-C parameters 
€ E in meters) for stability. This agrees very well with (el, a,, ,, 
values obtained from the calculations of the roots of Eq. 3 . 7 3  used in 
plotting the loci of Pig. 3-23. 
Even though one must be careful not to violate Eq. 3 . 7 5  in the vehi- 
cle design, this requirement does not seem to be a difficult design con- 
straint. For example, with = + 1 cm, and e = + 1 cm, we can safely 
- 2 
have Q, and j = + 1 meter for ( = 0.05. G 2 - 
The question of stability in roll-yaw and the effect of non-zero 
o and Q has yet. to be fully investigated, but considerations as above 
3  3  
are expected to yield similar results : tolerances on pickoff null to 
mass center and control actuator moment arm specifications which are 
quite comfortable from the design point-of-view. 
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APPENDIX A 
The p l o t s  of t h i s  Appendix show a c c e l e r a t i o n  of  mean anomaly 
a s  a f u n c t i o n  of i n c l i n a t i o n  of  450 km and o r b i t a l  f requency,  s ,  
of 7 rev/day.  The degree ,  A ,  ranges from 7 through 15. 
s= PC 7 
=a 4 B: 8 
==='lo sx 7 8\ 
=; 
-u 
e 
w 
1 0" 
0. m %0. OBJ ago. m 80. m m,m 
1NCLIMR"TIBN lOEG. 1 
R: l h!SU. U. E: 0.4@35 G E l r  1EdQ,f53 
1 0" 
8. rn 20. m UO. 00 

A w  
0.80 2b. m u0. m m.60 80. QO 
INCLPNWTIIBN IDEG.1 
INCL I NRf 1 ON [BEG. 1 
R: XIW- . E: B.LlOB5 G E l z  183.83 
L: 10 
#: 7 
B: 5 
tat 1 
S: 7 


n-r a . I . J I I 
8: 11S3. MR. Eo D.BU85 
IE? Bb%ld3, &I. G 0. GCE:"ic Qi.%I'B 
L? 7 
Rs 7 
pa: a 
Q, *-4 
Sb 7 

APPENDIX B 
The f i g u r e s  presen ted  i n  t h i s  Appendix a r e  of a c c e l e r a t i o n  of 
mean anomaly a s  a f u n c t i o n  of  i n c l i n a t i o n  f o r  pe r igee  a l t i t u d e  of 
450 lrm and s = m of  3 through 6 .and 8 through 12 .  The degree ,  A ,  
i s  va r i ed  from 7 through 15. 
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APPENDIX C 
For t h i s  Appendix, a c c e l e r a t i o n  of mean anomaly i s  shown for 
s = m = 14, p e r i g e e  a l t i t u d e  o f  350 km. 
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APPENDIX D  
/ 
DOCUMENTATION OF 
DRAG-FREE SATELLITE FUEL COMPUTATION PROGRAM 
PURPOSE 
DFSFUEL i s  a  d i g i t a 1 , p r o g r a m  w r i t t e n  i n  F o r t r a n  Iv ,  l e v e l  H ,  v e r s i o n  
11, which  computes  t h e  t r a n s l a t i o n a l  c o n t r o l  p r o p e l l a n t  r e q u i r e d  f o r  
s u s t a i n i n g  a Drag-Free  S a t e l l i t e  i n  a  p r e s c r i b e d  o r b i t  f o r  one  y e a r .  In -  
c l u d e d  i n  t h e  c o m p u t a t i o n  a r e  t h e  e f f e c t s  o f  
1) a t m o s p h e r i c  d e n s i t y  
2) c o n t r o l  s y s t e m  l i m i t  c y c l e  . 
3 )  t r a n s i e n t  r e c o v e r y  f r o m  e x t e r n a l  p e r t u r b a t i o n s  
4) s o l a r  r a d i a t i o n '  p r e s s u r e  
5 )  v e r t i c a l  o f f s e t .  o f  mass c e n t e r  f r o m  p o s i t i o n  s e n s o r  n u l l  
6 )  e f f e c t  o f  u p p e r  a t m o s p h e r i c  w i n d s ,  
PROCEDURE 
-
The h e a r t  of t h e  program is  t h e  d  y n a i i c ,  2 -deg ree -o f  -f reedom a t m o s p h e r i c  
model o f  J a c c h i a  [ ~ e f .  11 a s  m o d i f i e d  b y  K e a t i n g  and P r i o r  [ ~ e f .  2 J  f o r  asym- 
e t r y  o f  t h e  d i u r n a l  b u l g e .  F o r  c o m p u t a t i o n a l  r e a s o n s ,  i t  h a s  been  found  con- 
v e n i e n t  t o  use t h e  2 -degree -o f - f r eedom p o l y n o m i a l  f i t  of t h i ' s  model g i v e n  by 
Sorenson  [ ~ e f .  31 r a t h e r  t h a n  u s e  t h e  o r i g i n a l  e q u a t i o n s  o f  J a c c h i a  which  re- 
q u i r e  an i n t e g r a t i o n .  The  p o l y n o m i a l  a g r e e s  w i t h  t h e  model t o  a t  l e a s t  3 
p l a c e s  s o  i t  i s  a d e q u a t e  f o r  p r e s e n t  p u r p o s e s .  The  program s t e p s  t h e  s a t e l -  
l i t e  a round  i n  t h e  g i v e n  o r b i t  c a l c u l a t i n g  J . e n s i t y  a t  e a c h  s t e p  and n u m e r i c a l l y  
i n t e g r a t i n g  t h e  d r a g  t o  g e t  t h e  t o t a l  d r a g  i m p u l s e  f o r  t h e  o r b i t .  TO t h i s  i s  
added "wors t - case"  i m p u l s e s  f o r  l i m i t  c y c l e ,  s o l a r  r a d i a t i o n  p r e s s u r e ,  t r a n s i e n t  
r e c o v e r y ,  and v e r t i c a l  b i a s  i n  p i c k o f f  n u l l .  
To a c c o u n t  f o r  t h e  p o s s i b i l i t y  t h a t  s a t e l l i t e  s u r f a c e  f o r c e s  need  n o t  be  
a l i g n e d  w i t h  t h e  c o n t r o l  t h r u s t o r s ,  a  f a c t o r  o f  J3 i s  u s e d  i n  t h e  i m p u l s e  
c o m p u t a t i o n .  A f u r t h e r  f a c t o r  o f  c o n s e r v a t i s m  i s  p r o v i d e d  f o r  i n  a  s p e c i a l  
f a c t o r  c a l l e d  SAFTY by wh ich  t h e  t o t a l  i m p u l s e  i s  m u l t i p l i e d ,  b e f o r e  comput ing  
t h e  p r o p e l l a n t  mass,  
VARIABLES 
L i s t e d  o n l y  w i l l  b e  t h e  v a r i a b l e s  w h i c h  c a n  b e  c o n t r o l l e d  by i n p u t .  Most 
o f  them h a v e  d e f a u l t  v a l u e s  a s s i g n e d  i n t e r n a l l y  i f  t h e y  a r e  n o t  o v e r r i d d e n  b y  
i n p u t  s p e c i f i c a t i o n .  
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INC 
INCO 
INC I 
INCF 
EP 
EPO 
EP I 
BPF 
HP 
HPO 
HF'I 
HPF 
S  
s 0 
S I  
SF 
I S P  
CD 
MASS 
AOM 
DB 
DVMIN 
VOFF 
DIST 
NUMDIST 
RST I M  
oh5G 
. W  
CWIND 
BLGO 
o r b i t  i n c l i n a t i o n  i n  d e g r e e s  ( n o  d e f a u l t )  
i n i t i a l  o r b i t  i n c l i n a t i o n  
i n  c a s e s  w h e r e  s e v e r a l  
o r b i t  i n c l i n a t i o n  i n c r e m e n t  d i f f e r e n t  i n c l i n a t i o n s  
a r e  t o  b e  examined.  f i n a l  o r b i t  i n c l i n a t i o n  
o r b i t  e c c e n t r i c i t y  ( n o  d e f a u l t )  
i n i t i a l  e c c e n t r i c i t y  i n  c a s e s  where  s e v e r a l  
e c c e n t r i c i t y  i n c r e m e n t  d i f f e r e n t  e c c e n t r i c i t i e s  
a r e  t o  b e  examined.  f i n a l  e c c e n t r i c i t y  
p e r i g e e  a l t i t u d e  i n  km ( n o  d e f a u l t )  
i n i t i a l  p e r i g e e  a l t i t u d e  I i n  c a s e s  w h e r e  s e v e r a l  p e r i g e e  i n c r e m e n t  d i f f e r e n t  p e r i g e e  a l t i t u d e s  a r e  t o  b e  examined.  f i n a l  p e r i g e e  a l t i t u d e  
o r b i t a l  f r e q u e n c y  i n  r e v s l d a y  ( n o  d e f a u l t )  
i n i t i a l  o r b i t a l  f r e q u e n c y  i n  c a s e s  w h e r e  s e v e r a l  
o r b i t a l  f r e q u e n c y  i n c r e m e n t  o r b i t a l  f r e q u e n c i e s  a r e  
t o  b e  examined.  f i n a l  o r b i t a l  f r e q u e n c y  
e f f e c t i v e  ISp o f  t h e  p r o p e l l a n t  i n  s e c  ( d e f a u l t  v a l u e  = 30 
f o r  n i t r o g e n  p l u s  t a n k s ) .  
s a t e l l i t e  d r a g  c o e f f i c i e n t  ( d e f a u l t  v a l u e  = 2 . 2 )  
s a t e l l i t e  mass  i n  kg  ( d e f a u l t  v a l u e  = 86.5) 
s a t e l l i t e  a r e a  t o  mass  r a t i o  i n  &/kg ( d e f a u l t  v a l u e  = 1.2\-~) 
c o n t r o l l e r  deadbagd i n  m ( d e f a u l t  v a l u e  = 1.5\-3) 
t h r u s t o r  minimum v e l o c i t y  change  i n  rn/sec ( d e f a u l t  = 4.4\-6) 
v e r t i c a l  o f f s e t  f r o m  p i c k o f f  n u l l  t o  mass c e n t e r  i n  m ( d e f a u l t  
v a l u e  = 1.V 2  
m a g n i t u d e  o f  i m p u l s i v e  t r a n s i e n t  d i s t u r b a n c e s  i n  m ( d e f a u l t  = 2\-3) 
number o f  t r a n s i e n t  d i s t u r b a n c e s  ( d e f a u l t  v a l u e  = 1.0\~) 
t i m e  t o  damp t r a n s i e n t  d i s t u r b a n c e  i n  sec ( d e f a u l t  v a l u e  = 30.) 
s a t e l l i t e  o r b i t  r i g h t  a s c e n s i o n  i n  d e g r e e s  ( d e f a u l t  v a l u e  = -4.6)  
o r b i t  a rgumen t  of  p e r i g e e  i n  deg  ( d e f a u l t  v a l u e  = 270 . )  
r a t i o  o f  r o t a t i o n a l  r a t e  of  u p p e r  a t m o s p h e r e  t o  e a r t h ' s  r o t a t i o n a l  
r a t e  ( d e f a u l t  v a l u e  = 1.3)  
a n g l e  be tween Greenwich  and Equinox a t  t i m e  0 i n  d e g  ( d e f a u l t  
v a l u e  = 0 )  
2 i n d e x  o f  s o l a r  d e c i m e t r i c  f l u x  i n  u n i t s  o f  watts / .  / c p s  band- 
w i d t h  ( d e f a u l t  v a l u e  = 175) 
mon th ly  a v e r a g e  o:f F10  ( d e f a u l t  v a l u e  = 175) 
i n d e x  o f  m a g n e t i c  a c t i v i t y  i n  u n i t s  o f  2 -  g a u s s  ( d e f a u l t  v a l u e  
= 10.) 
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DAY day  of t h e  y e a r  ( d e f a u l t  v a l u e  = 170.) 
DF increment  i n  t r u e  anomaly t o  be used  i n  impulse  computat ion i n  deg 
( d e f a u l t  = 5 )  
S A F T T  f a c t o r  of c o n s e r v a t i s m  used i n  o b t a i n i n g  t o t a l  impulse  ( d e f a u l t  
v a l u e  = 1.2) 
These  v a r i a b l e s  were  i n c l u d e d  t o  g i v e  t h e  o p t i o n  of p l o t t i n g .  
However, p l o t  r o u t i n e s  a r e  n o t  y e t  i n c l u d e d  s o  t h e s e  v a r i a b l e s  
shou ld  p o t  b e  changed from t h e i r  d e f a u l t  v a l u e s .  
PROGRAM INPUT 
In g e n e r a l ,  t h e  o r d e r  and q u a n t i t y  of i n p u t  d a t a  is  a r b i t r a r y  f o r  any 
combinat ion of t h e  v a r i a b l e s  l i s t e d  above. Any v a r i a b l e  which is n o t  e x p l i c i t l y  
g iven  a  v a l u e  by i n p u t  w i l l  be  a s s i g n e d  i t s  d e f a u l t  v a l u e .  To i n p u t  a  v a l u e  
f o r  a  p a r t i c u l a r  v a r i a b l e ,  t h e  name of t h e  v a r i a b l e  is  p l a c e d  on t h e  c a r d  ( o r  
-3rd  image) l e f t  j u s t i f i e d  t o  column 1 and t h e  v a l u e  i s  p l a c e d  anywhere i n  a 
columns 9 t h r u  2 0  a s  an E o r  F fo rmat  number w i t h  e x p l i c i t  dec imal  p o i n t .  
Thus, t h e r e  i s  always one  var . i ab le  name and v a l u e  p e r  c a r d  e x c e p t  when i n p u t t i n g  
a  r a n g e  of v a l u e s  f o r  e c c e n t r i c i t y ,  p e r i g e e  a l t i t u d e ,  o r b i t a l  f requency ,  o r  
i n c l i n a t i o n .  I n  t h e s e  c a s e s ,  t h e  name of t h e  v a r i a b l e  r e p r e s e n t i n g  t h e  i n i t i a l  
v a l u e  is  p laced  on t h e  c a r d  l e f t  j u s t i f i e d  t o  column 1, i t s  c o r r e s p o n d i n g  v a l u e  
i n  E o r  F fo rmat  i n  columns 9 t h r u  20, and t h e  increment  and f i n a l  v a l u e s  i n  
columns 25) t h r u  40, and 49 t h r u  60 r e s p e c t i v e l y .  
- 
 he s t . l  of v a r i e b l e s  (EP, EP, S) is  redundant  i n  thai: any o n e  oi ,theu! 
may be  c a l c u . l a t e d  from t h e  o t h e r  two, v a l u e s . m u s t  a lways be  i n p u t  f o r  any two-- 
and o n l y  two--of them. T h i s  g i v e s  some f l e x i b i l i t y  i n  s p e c i f y i n g  t h e  o r b i t a l  
p a r a m e t e r s .  (See samples  on  page 185 and 186.)  
OUTPUT 
The o u t p u t  g e n e r a t e d  by DFSFUEL is  g e n e r a l l y  s e l f - e x p l a n a t o r y .  The 
o n l y  p a r t  which r e q u i r e s  i n t e r p r e t a t i o n  i s  t h e  t a b l e  l a b e l e d  " d e f a u l t  
o v e r r i d e s . "  The o r d e r  o f  t h e  v a r i a b l e s  l i s t e d  i n  t h i s  t a b l e  is  
INC E P  HP S  INCO I N C I  I N C F  E P O  
E P  I E P F  HPO H P I  H P F  S 0 S I SF 
ISP CD MASS AOM DB DVMIN VOFF D I S T  
NUMDIST R S T I M  OMG W BLGO CWIND D F  DAY 
F I O  F I O B  A .  P R I N T  PLOT SAETY 
Appendix D 
Whenever one of t h e s e  v a r i a b l e s  h a s  been s p e c i f i e d  a s  i n p u t ,  t h e  va lue  
w i l l  be shown e x p l i c i t l y ,  i n  t h e  t a b l e ,  o the rwi se  t h e  d e f a u l t  va lue  was 
used and t h e  symbol *+* * * *  w i l l  be shown i n  t h e  t a b l e .  
A sample ou tpu t  is inc luded  h e r e  t o  i l l u s t r a t e  t h e  r e s u l t  of  running 
t h e  sample i npu t  shown p rev ious ly .  
D-1.  J a c c h i a ,  L.G., " s t a t i c  D i f f u s i o n  Models o f  the.  Upper Atmosphere With 
Emperical  Temperature p r o f i l e s  , Smithsonian ~ o n t r i b u t  i ons  t o  Astro- 
phys i c s ,  vol.  8, no. 9 ,  Smithsoniani  I n s t i t u t i o n  As t rophys i ca l  Ob- 
s e r v a t o r y ,  Washington, D.C. ,  1965. 
D-2. Keat ing,  C.M., and P r i o r ,  E.J. ,  " ~ a t i t u d e  and Seasonal  V a r i a t i o n s  
i n  Atmospheric D e n s i t i e s  ob t a ined  During Low S o l a r  A c t i v i t y  by Means 
of t h e  I n f l a t a b l e  A i r   ensi it^ S a t e l l i t e ,  " Space Research V I I ,  
vo l .  2, North Holland Pub l i sh ing  Co., Amsterdam, 1967. 
D-3. Sorensen,  J . A . ,  Ph.D D i s s e r t a t i o n ,  Dept . of Aeronaut ics  and As t rgnau t i c s ,  
SUDW 380, t o  be pub l i shed .  
SAMPLF, OUTPUT 
OEkAULT VARIABLE 2VERRlUES 
S O L I R  R A D I A T I O N  
2 3 5 . 9 6 6  
F IXED WORST C A S E  IMPULSES (M.SECI 
L I M I T  CYCLE 
1 5 . 2 6 3  
T R A N S I E H l  RESPONSE 
66.667 
I N C L I N A T I O N  = 4 5 . 0 0  OEG 
E C C E N T R I C I T Y  0 . 1 0 0 0 0  
PERIGEE A L T  ( K U I  REVSjDAY CM OFFSET I M P  l N . S E C I  O R A t  I M P  IM.SEC1 TOT4L I M P  ( 4 . S E C l  W S S  ff PNOP TANKS I K C I  
6.91 SECIOBJECT COO€= 18MPb B V T ~ S I A R R I Y  AREL- 546 bYlkS,UNUSED= 2 3 0 5 6 0  BYTES 
521. 
521. 
APPENDIX D 
(Cont ) 
PROGRAM LISTING 
//OFSORAG JOB l J 3 6 3 . 4 1 4 r 1 ~ 2 ) ~ ~ A  F L E R I N G ' Q # S G L E V E L ~ L  
l l J 0 8 L l R  UU oSNA#E=SYSZ.PROGLI~IOISP~~O~D~PASSI 
/ /KENT EXEC YATFOR 
//GO.SVSlN DO 0 . . 
. .. , SWATFOR 
REAL98 V A R 1 3 0 ) / Q I N C  'q 'EP 'r 'HP 'e 'S  ' " INCO 
1 ' * ' € P O  '.'HPO ' q ' S 0  ' r a l S P  't 'co ' t 'MASS 
2 'Q'AOR ' Q ~ O B  ' s ' D I I M I N  . ' e Q V O F F  ' ~ ' D I S T  'rQWWDIS 
3 '.eRSTIR * r 'MFt ,  ' 0  . O.e@&CO * r * C W l & D  e r * O F  
4 ' ~ ' 0 . 9 ~  e t ' ~ 1 0  . :;**'PLY , yq* .9*a~ ' r 'MO P R l M l Q r ' P L O l  
5 '.QSAB?W '*I ' .  c 
 REAL*^ R L Q Z r B L O S ~ R L O 9 ~ I F F L I 1 t D E F L l 2 t D E R T 3  
R E A L * 4  D E X P ~ O L ~ Q R L O ~ P  
R E A L 9 8  R L O ~ ~ R L O ~ ~ R L C M ~ R L O ~ ~ ~ L ~ ~ R L O L Q ~ T R P ~ R L O ~ L L O ~ ~ ~  
RE41.*8 BCIlDW013Qt/PWleOlQ/ 
REAL IsP.AASS~NUF~~IS, 1~%0rIftZ.S~113~sUOBDvBWkG~ 1 l P V R e  
l I R P S ~ q ! ~ ~ l M t O t l C S P M i r C 1 q ~ ~ n ~ T 0 1 ~  I R P 0 0 T ~ I U P e M O  
INTEGER PRlNl.PLOT.UPD# 
C 
C I W 1 V I A l I Z E  S A T E L L I T E  PARAMETERS 10 DEFlWLt VALUES 
c 
I S P  - 30.0 
CO P 2.2 
UASS 86.5 
Aa# - 1.2E-2 
03 - 0.0015 
O W I M  - 4.4E-6 
V W F  0 0.01 
O I S l  0 2.M-3 
HUWOIS = 1.OE4 
R E S T I N  30.0 
E. -... ,n.Ig;;;;; S & r - -  .-- C-.. .C.. *I &- * .P .""-* l ,  ,C LC9."P "*.MI 
.LC.. .. CU.. ~ . E I  I ". .C.-.-.... * - "-. --. ..-- ., 
C 
OMG - -4.6 
w = 270. 
C Y l N O  1.3 
BLGO = 0.0 
F l O =  175. 
OF = 5.0 
F l O B =  179. 
DAY - 170. 
AP * 10. 
P R I N T  - 2 
PLOT - I * 
S 4 F I I  - 1.2 
C O P 1  0 0 
c 
c S T A R T  MAIY PROGRAN BY READING IN mv DEFAULT OVERIOES 
C 
I ~ 1 6 r l l r 1 8 ~ 1 9 ~ 2 0 t Z 1 ~ 2 2 t Z 3 t Z 4 1 2 5 ~ 2 6 ~ 2 7 1 2 8 ~ 2 9 ~ 3 0 ~ 3 1 ~ 3 ~ ~ 3 3 ~ ~ J  
3 CONTINUE 
GO 7 0  I 
4 l Y C O = n U r l  
I Y C F  O V Y l  *O.Ol 
I Y C I  = 1. 
01. 
h.'. 
- 3 .  
6 4 .  
61. 
60. 
hl. 
h a .  
6'1.  
I ? .  
TI. 
7 1 .  
73. 
7 4 .  
7 5 .  
. 76.  
7 7 .  
70. 
79. 
80. 
41. 
X?. 
e l .  
8 5 .  
'45. 
'ib. 
3 ?. 
99.  
99. 
90. 
11 .  
9 2 .  
93 .  
P I .  
4 5 .  
94. 
'I 1 . 
*'4. 
7*1, 
13G. 
191. 
162. 
I J1. 
I >k. 
105. 
1 3 f .  
177. 
LO?. 
I d  I .  
I I(.. 
111. 
112. 
Ill. 
114. 
L l i .  
111,. 
111. 
tin. 
119. 
110. 
1?1. 
! ) u ? n o u t l #  = I~LO 
i.;l 111 1 
t P J  O u Y l  
f P I  O U * ~  r L*.Ol  
f P l  = .I 
KIWI . r u p r  r I 
' l u r ! ) ~ l M l z l  . f P 0  
C 3  1'1 I 
UP0 = IIU"1 
HPF . IJ(l*L I. . 
MPI . 100. 
KOPT * K U P I  * 2 
OIJ11)Uql l t  . MPI) 
GG I!) I 
53 = 3UMl 
S F  = OUHI r p.1 
5 1  . 1.0 
*OPT . u o p r  + 3 
~ V T ~ I I * I ~ I  so 
GO TD 1 
I1,CO = D'J'41 
I Y C I  o u r 2  
l N C F  = UIJUY 
OUT~I ) * I~ )  = INCO 
O U T n U u I b l  - l N C l  
IIUI~UMI~I = IPICF 
G 3  I ! )  1 
FPn = 9 U Y l  
E P I  - OIJYZ 
EPF = DIJY3 
KOPT = <UP1 * 1 
f lUT l~Y" l l 3 l  - €PO 
OUIL'U*19) * C V I  
O u 1 1 1 Y ~ l l O l  * EPF 
rr) I 
HD(I = UUMI 
* P I  JIJY? 
HPF = i l uU3  
'OP! . "IPT r 2 
OUTPUMII 1 ) = HPO 
OUIOUUI I L I  r .  MPI 
~ I U ~ O U Y I  1 3 1  = n p r  
GO T? I 
S'I = OdU l  
5 1  = OU"? 
SF = 09M3 
KOPT s KOPT 3 
O U T n U " I I 4 )  - SO 
our;lun( 1 5 )  - SI 
OUT!luHl l b t  = SF 
G n  T n  I 
I S P  = DlJMl 
OUTDUMl l  T )  = I S P  
G n  I r t  I 
c o  = I ) u r  
TJT~I~JYI  I q I = cn 
cn rp I 
MASS OUMl 
OU~~U~I I I I  - MASS 
t') T'J 1 
Al l* ')Ut41 
I?!. 
l.'3. 
I ' c .  
115. 
126. 
127. 
175. 
119. 
I ? *> .  
141. 
137. 
111. 
I*'.. 
13%. 
136. 
137. . 
138. 
13'3. 
14:. 
161. 
14?. 
I*>. 
144. 
145. 
146. 
1.1. 
I c i .  
I ..I. 
141.  
151. 
IS). 
Is$. 
I Sv. 
155. , 
15s. 
151. 
I \ + .  
15'8. 
I b I .  
101. 
lh-'. 
163. 
I.,'.. 
I ' 5: 
I ,.I. . 
1Cf. 
t  h ' t .  
I&". 
I II . 
Ill. 
I f ' .  
1  13. 
I ?*'. 
1 r \ .  
I f'. . 
! 'I. 
1 9 -  . 
1 IS.. 
14- . 
I-I. 
I-'. 
i lJ l113. ( IZJ l  All'! 
G q  1 3  1  
l o  LIB = DUMI 
f i ' J l D U ~ I Z I 1  06 
GJ TI! I 
I 7  OV4 IN  - 3UYL ' 
C I I I I IUY I  2 7  I . OVMIN 
GO TO I 
1R V V t  UUVI  
D U l U U U I 2 3 l  = VOFF 
GO 1 0  1  
IV DIST = pu r l  
OUl I IUY1241 - l J l S l  
GO 1,-1 I 
7 3  h U Y i l l S  = DUY l  
O U 7 0 U Y l ? 5 l  8 NUWOlS 
GU TO I 
21 R S l l W  9 DUN1 
O U l I I U Y l 7 5 l  = RST IM 
GO 1 9  1  
2 7  0'4; DUHl  
OUT~UNIITI = CYG 
GO TC 1  
2 3  * = OUVI 
O ~ I O U ~ l Z ~ l  = u 
GC) T? 1  
7 4  H I G ' l  = U J Y I  
PU l i l ? lY129 )  = HLGO 
GC 1 9  I 
75  CUlJtD = DUY l  
i J U l b U X I 3 9 l  = CU I N 7  
G3 1 0  1  
2 a  OF = ~ u w l  
O U T D U ~ l 3 l l  = DF 
GO 1 3  1  
2 7  U I V  = OUMl 
L lU IPJ '4131 l  = DAY 
G') In 1 
Z*  F l ?  * :)ll*l 
n u r n ~ ~ 1 3 3 1  8 FID 
GU 10 I 
2 9  F I J P  = DUN1 . 
W T : ' W I ~ C I  = F I O ~  
Gq.J 1.1; 1  
-0 t.9 = ~ I J Y I  
f I U T ~ l ~ J * O 5 l  . AP 
5 ' 1  1'1 i 
? I  r'RI';l = 1  
~ : J I , ~ I J * l ~ t , I  3 V41.11 
';; 1 7  1  
* ?  IJL '1 .- 
' I I J V ~ ~ ~ J U I  371 - P L I j 1  
;I, 1 7  1  
9 3  > b + l V  i 711YI 
"tII,II."41 3 4 1  l v  
L,. I .I 1  
Z L . ' . I I ' I J l  
t r  I * ~ I . . T  . r j .  1 1  c.t3 L ?  
. V I l '  ll..:"Il 
1'1 ' a I J u A l  l o l ' . / ? r . * * .  ' r ' t l  lA.11 k t j ' j l v t u  F f l n  DU15 f x t t  S A l t 1 1 1 1 t  Wi* 
I.''.!tt J'. I . ..t *:\ ' l l l l l l l l i d X . ' t f b A U L 1  V A M l 4 i l i  U V t 9 l l J f 5 ' 1  
Y R l l L  1 6 . 1 0 2 )  1 0 U l D U Q 1 l 1 . I m l r 3 8 )  
137 F O Q V A T  l 1 1 1 1 '  ' ~ 8 1 2 X ~ k l 3 . b 1 ? 1 1  
4 1  C L J Y I I N U L  
C 
C A S S I G N  F I X E D  C O N S T A N T S  AVO PERFORM DEGREES TO R L D I A M S  C W V E R S I O Q  
C 
YE = 0 . 1 2 0 2 E - 4  
T P  = 0.0 
F O  = 0.0 /' 
t r E  = 3 . 9 8 5 8 ~ 5  
R E  = 6 3 1 1 .  
F S t O P  = 3 6 0 . 0  
Tr) = 0.q 
U A V P  = 4. 
ASIJ 1 1 . 4 9 h F P  
S U I N C  = 23.45 
Y S U  - 7 7 . 5 9 7 4 9  
K O P T  K O P T  - 2 
I F  I K O P T  .EQ. 2 1  GO T O  8 0  
RPC = H P F  + R E  
RPO a H P 0  + R E  
P P I  = H P I  
no CONTINUE 
SECPV - 365.*21.*60.*60. 
K R A U  =.9 
S?U3 = S Q R T l 3 . 0 1  
OTR = 1 . 1 5 7 . 2 9 5 7 8  
R T U  = 5 7 . 2 9 5 7 8  
I N C O  = O T R * l N C O  
I N C I  = U T R * l Y C l  
I l i C F  = O T R * I Y C F  
0% = U r R * O P C  
U = UTP. *d  
B L C O  = O T - P * ~ L G O  
F O  r D T K * F O  
F S T O P  = D T W * F S T O P  
P I  = 3 . 1 4 1 5 9 2 7  
T P I  = ? . *P I  
U E V C C Y  a h O . * h 0 . * 2 4 . / T P I  
C ?  = C O S l C M t l  
5 0  = S l h ( O Y C l  
F U T  = P 1 / 2 .  . 
T P l l r  = 3. *PUT 
+ ~ t  ; ) T s * j r  
C 
I, Pt I t  4 9 1  Y I  S I I Y t  ' I F ~ P E ~ ~ A T U U ~  PARA'IET E R S  
C 
If': = 4 1 4 .  r 3 . h * F I J R  t1.8*lFlO-F1091+60.31+0.14~SINITPI*iDAY-151. 
1 l / ' 0 S ~ l ~ * F l U ~ * S 1 Y l ~ ~ ~ T P i * l U A V - 5 G ~ l ~ 3 6 5 ~ l  
dYC'  = 4 2 . * 0 1 v  
"<I/ = 1 c . * n r c  
aux  = a v  +l,?>..il. - i < G i - G . G : ~ A ~ ; ;  
C  
1 L ~ I " 3 ' 1 1 t  F:JLL 1 ' 4 P U L 9 t  tf!P L l H l T  C V C L t .  T R A N S I E N T  R E C ~ Y E R V I  AND 
, .. , 'L 1' .JU.L. Id:S:l~l'.:. A ! ' ' J 5 r  C d r S t  C f l Y O l T l J V S l  
I 
1.1 11- = * . * ,# I I . ) v '41 '4  
I "OLL = ~ . * ~ ~ S T . * ' ! V ' ~ I ~ ~ * : ~ C P I / ~ I U L C  
1*>1-: * ~ I S I . ~ . ' t ~ ' l l S ' ~ . \ S ~ I C c 5 l I . ~  
t ' q 3 C  11 = ~ J P  3 * ~ A \ S * A * j 4 * + . 5 c - h * S E L P V * R U A 3  
I &  1!-,1..r .: ,. 1 1  , s  1 0 ,  I *  
w R I t t  l h . 1 0 3 1  I H P S J L e I U P L C . I M P T R  
133 C31)'4AT I / / / I C l t X s ' t l X t ~  WORST C A S t  I R P U L S E S  l t i . S E C i ' I / I 3 X ~ @ S O L A R  R A  
L D l ~ l l O U ' r L 7 X ~ ' L I * I T  C * C L E ' r 2 5 X r e 1 R A N S I E N 1  R E S P O N S E ' I I I l l 5 l e f l O ~ 3 e  
Z I S Y I I  
h* C J Y l l N U E  
C 
C D ~ T ~ R H I Y P T I I ~ N  OF SUN P O S I T I O Y  
C 
F P S U  = 1 . 6 7 2 5 9 2 L - 0 2  
W5U * JTR*WSU 
SUINC 3 T R o  S U I Y C  
n F S U  = 0. P R S b O Q I * D T R  
S'J'4 . 3 F  S l l *  (ORV-04VP)  
E l l '  = ' S U M  
?:I  6 1  1-1 .5  
61  csu  = sur + t P S u * S l l i t i S u )  
C E S  = COS I E S U I  
C F j  = I C E S  - t P S U l I ( 1 .  - E P S U o C E S l  
I F 5  I S I N I E S U l * S Q 9 ~ l  1 . - E P S U * k P S U l I I i  1.- tPSU*CESt 
SUS . S l u t u s u l  
CAS L O I I W S U I  
SU\ . sus*crs * c u S * S F S  
CUS . C Y S * C F ~  - SUS.SFS 
S u L n  = ARSIBISUS*SINISUINC~ t  
SUUL A R C U S I L O S / C ' I S I  5 U L - I  I 
I F  lSUS.LI.O.Ot SUdL = 1 P l  - SUBL 
c 
r I N I ~ I A L I : ~  THE t ~ 1 3 ' 1 ~ v  OF ORDITS 19 BE IMVESTIGAIED.COMWTE ORII~~Y 
C PlQA'C l t Q 5 1 1 N D  TttFh iYCR1-WEkT IHROUGH THE F A M I L Y  
C 
5 4  I'bC - !%LO- IPIC! 
52  I Y C  = 1YC t I N C I  
I F  I I % C . G T . I Y C F I  GC TO 1 0 3 0  
6 5  I F  I P 9 1 1 1 1  .CJ. I) 60 TO bY 
I*cn = a r o * I s d L  
Y P l l t  I 6 r 1 0 4 1  I N S U  
I ? &  F l U H p T  l///I/II.e IbICL I 4 A t I O N  = *gFT .2 . *  D L G ' I  
49 C r]:d I I UIJL 
5,) r ! ~  I 5 3 . ~ 6 ~ ~ 9 1  .N.'PT 
5 3  E 3  = F 3 ?  - C P I  
5 4  F P  = F P  E D 1  
I F  1 k P . G I . F P F I  GJ 1" 52 
IF I P ~ I V :  . t j .  : I  T.!I r r  7 3  
n u l i t  ( h . 1 o 5 1  c u  
l " 5  I ' I U u A T  ( / / / 7 ~ ~ ' c C C ! . ' l T . ? l C l  Tr * e F  r .5)  
d Q I T C  1 6 1 1 0 7 l  
1 0 7  FIIP'4AT I /// L X . ' P F l t l S F F  & L T  l K * t * ~  8X1cRFVS/Ol lV 'e  5 X e e C M  (PFFSE? I N  
1 P  l 'd.SECIa. l I . ' J P I \ '  I P P  l N . S k C I o ~  l X e e T 0 t A L  l w  lIY.SEC&*e 1 X t e q b s  
2 s  IF w n p  + TA'ITS I * G I @ / / I  
7 1  CO'tTIhl'Jt 
R P  = r o o  - RPI 
5 5  ? P  . UP P Y I  
IF IRP.GT.PPFI ~ I I  tn 54 
S = R E V C ? r * 4 * S ~ P 1 l ; P t / l * P / l L .  - E P l ) * * 3 t  
G'J 1? a? 
56 I 5 0  - 5 1  
2 7  5  = 5  & ;I 
If lS.ST.SFI  6 C  rfJ q 1  
I F  lY:clYT . t . ) .  1 1  b'! 1" 7 1  
Y R l T F  ( b n 1 U b l  5  
I?!, F ' l X u A l  ( / / / ~ ~ . ~ ~ C V ' I L U ~ ~ ~ ~ Y I  PER r )AV = ' rF7.31 
W l t l E  ( b e l O 8 )  
108 FORRAT 1 / 1 1  ZX.*ECCEI ITRtCl lV*  * 8x1 '  PER ALT t K U ) * e  ~ X * * C M . O F F S ~ ~ ,  ' 
I T  1RP IM.SFCl'e 1Xe'ORAG I M P  (N.SEC)'e I X e ' T J T A L  1'4P (Y.SEC)*e 1 x 1  
L'rCLSS O? PRW o  T A M S  4 K G ) ' l / )  
TI - c o w i i ~ r  
EP o EPO - E P I  
58 CP o EP E P I  
I F  IEP.GT.EW) 60 TO 5 1  
RP  - l I ~ - E P l * ~ G P ( E * R E Y C O ~ * 2 1 S ~ * 2 ) * * ~ 1 . / 3 . ~  
60 TO 62 
59 S 0 so - 5 1  
60 S * S * S I  
I F  (S.Gl .9)  GO TO 5 2  
I F  I P R I N T  .EQ. 1) GO TO 7 2  
YR ITE  (b .106)  S  
YR ITE  I b e 1 0 9 )  
109 FOB#* l  (111 Z Z ~ V E R  A L T  ( K R l e e  8Xe 'ECCENTRIC I IV ' .  SK,'CW OFFSET IW 
1 P  t#.SECQ*e I X e ' O R I C  I M P  tN.SEC) 'e IXe 'TOTAL I M P  (N .SEC l ' r  IXe'MASS 
2 OF P W P  TANKS ( K G ) * / / )  
7 2  CONTINUE 
R P  = RPO - R P I  
6 1  RP RP + R P I  
I F  1BP.CTeRPf) 60 10 60 ' 
E P  r 1. - RPeISe*Z/(CREEREVCDhl**Z) )**I 1.13.) 
6 2  C W l l r J U E  
& = R P I ( 1 .  - E P I  
U P  .I UP - RE 
U S  S W T t W E / A 0 * 3 t  
mi3 1.111 
PER = T P l  1ORF 
6 3  COt4TIMUE 
slnc - s l n t r M c ,  
C I N C  = C O S ( l W )  
SOCINC 50*f I # C  
COClwC C09CIUC . 
C 
C T H I S  SECTION UPO#.TES THE W I B I T E L  P O S I T I O N  OF TdE SATELL ITE  
C  US ING A  CENTRAL FORCE F I E L D  RODEL. 
C  
40 F Z  = FO - OF 
11 = TO 
IRPDG. = 0. 
3.9 F 2  FZ  O F .  
F  - F 2  
I F  1f.GT.TPI) F  = F  - T P I  
COSF C O S l F I  
CE = (EP COSFII~I. *EP*CO~FI 
e s ~ c o s t c e )  
I F  (F.GT.PII E = T P I  - E  
W = F - F P b S I Y I F I  
1 = TP  MlORF 
I F  1FZ.Gl.TPI) 7 = T  4 PER 
SIMF 0 S I H t F I  
R  = & * ( I .  - EPOCEl 
V SQRTlGW€*t7./P - 0 U A ) I  
0UM L./SORTtl.  *Z.*=P*COSF EP*FP)  
SG = C P ~ S I H F ~ D U ' 4  
CG * (1. *FPOCOSFl*DUM 
U . Y * F  
I F  (U.GT.TPI I U = U  - T P I  
I I J  9 s l r t t u )  
C U  = C O S I U I  
CL . SQRIII. - l s u o s l K o * r z )  
I F t A B S I l Y C  - 90T l .L I .O .OOOLl  VO 77 
1FIU.LE.P l  ) GO I 0  70 
B L A n  o 0 9 ~ '  * I P l  - A P C O S I C U I C L I  
GO rn ve 
78 RLLM 0 OUG * A R C l l S l C U f C L I  
cn 10 19 
1 1  IFIV.LE.POI) GO rn 3 s  
I F ( V . C T . l P O T l  GO I d  34 
O L 4 m  = 0% 9 P I  
GO TO 19 
36 B L A H  = OMG 
19 I F l a L A M . G T . T P I 1  S L A M  = RLAM - I P I  
VSC = V*SC 
VCC 0 VQCG 
X l D  - I C O Q C U  - Sr )CINC*SU)*VSG -1COOSlJ S O t l Y C * C U I e V C G  
VIO = ISO*CU + c o c l v c o s v ) e v s G  - ~ S O * S U  -COCIRC.*CU)~VCG 
I t 0  = S l ? r C * S V * V S G  r S I H C o C U o V C G  
VU C U l Y O * N E * R * C L  
SBL = S l h l D L A M I  
C E L  = C O S I B L A U I  
X R 3  - ' X I 0  4 V U * S B L  
V R 3  V l D  - VU*CDL 
ZRD 2 1 3  
S L  = SI1.SIYC 
L A M  9 A R S I N I S L I  
C  
C  O E I E R M I U E  ATMOSPHERIC DENS I l V  V I A  SORENSEN POLVNOC.IAL 
C F I T  7 0  J I C L H I A  TWO PARAMETER MODEL 
C  
F T T  = 0 . 5 * A B S I L A U - S U L Y I  
T H I  = C . S * A H S i L A M + S J C V l  
H A  = B L A H  - SUDL 
TASV = r A  - R K 4 5  + Y K l Z * S I N I H A + R K 4 5 )  
I F  1TASU.LT.-PI I TASU = T A S U + T P l  
I F  I 1 A S U . C l . P I I  T A S U  = T A S U - T P I  
IIFV =TC~*II. +O.Z~*SINIETTI ~ o . z B ~ I c o s I T H T ~ - s I N I E ~ T ~ I * ~ C O S ~ O . ~ ~  
1 l A S U I l * * ? . 5 l  
TIF = r l r P  4  APK 
F X  = 11IF-B00.I/1750.+11~722E-D4I*ITIF-E0~~~~*~~ 
F S  = 3 . 0 2 9 l * E X P I - F X * F X I Z . J  
*E = R - R F I S Q K T I I . ~ I ~ . ~ ~ ~ ~ E - O ~ I * S L * S L ~  
TMP =TIF-ITIF-355.l*EXY(-FSQIHE-l2OoI) 
K R 1  - I 
IF IHE.LI.IIO.I Gr1 TI> a 1  
I F  l t i t . L I . 7 ~ O . l  C 9  T t l  4 2  
I F  IMF.Ll .3 'V3.1 GO "I 4 3  
I F  114t S L  t + * b t # . i  Ga 7;: 4 4  
I F  l l lF .L l .5OO.1  GO 1 ' 1  4 5  
I F  l H F . L l . o O 0 . 1  C 9  T O  46 
1 6  (UE.LT.700.1 GO TO 47 
I F  1YF.Ll .HOO.I  SJ TO 48 
I F  I H f . L l . 9 3 9 . 1  GI1 10 4Q 
G ~ I  l o  50 
e l  w r l r t  II,.IIQI HF 
11.1 td.cHAT I >&.*HI  I L H l  = ' , F 7 . l r ' 1 S  OUT OF RANGE') 
G!J T I  7 3  
4? R L D l Z  : - l l . * A L C l C l Z . 4 6 1 l  
H L O  = 110. 
K R t ?  = ? - 
YLO = RLn12*1 .25 
5 3  R L n 2  * - 0 . 3 0 5 4 ~ 5 7 V t Q Z  ~~~P*~O~2914715D-OZ+THP0I-O~1072323D-05 
1 + 0 . 3 ! J 3 4 2 H 9 J - l  I* I M P 1  I 
I F  I K K ~ . E 0 . 2 1  RHI - P L O z O l . Z 5  i~ IKRO.EQ.?I GO 7 0  5 1  
H L O  = ZOG. 
KRfJ - 2 
a L o  0 RLIIZ 
4 4  a 1 9 3  - - 0 . 3 8 1 7 ~ 0 6 U r 0 2  + T W P * l 0 ~ 1 Z O 1 8 9 7 O - O l * T W P 4 ( - 0 ~ 6 3 4 5 8 1 9 0 - 0 5  
1 + 0 . 1 1 5 0 b 9 6 D - ~ R * ~ * P ) )  
I F  (KRO.EQ.21 R H I  @ L O 3  
I F  1KRO.FQ.Zl GO TO 5 1  
HLO 5 3 0 0 .  
K R 9  = 2 
RLO = R L U 3  
4 5  RL.34 * -0.4194799U1OZ*TMP*lO~14133360-01+IUP*l-O.70108650-05 
1 b 0 . 1 2 0 4 3 8 D O - O 8 * T ~ P l  l 
I F  IKRO.EP.ZI R H I  = P L 0 4  
I F  (KRO.EQ.21 GO TO 5 1  
HLO 5 4 0 0 .  
K R n  = 2 
RLO = R L 0 4  
4 6  R L 0 5  = - 0 . 4 5 6 R 2 1 3 0 1 0 2  + T ~ P ~ ~ O ~ l ? 5 2 3 0 1 D - 0 1 * T U P ~ l ~ 0 ~ 8 3 0 4 3 W J D - O 5  
1 10. 1 3 9 6 3 0 5 0 - O B * T Y P I  1 
I F  (KRO.EQ.21 UHI * @ L O 5  
I F  IKRO.EQ.ZI GU 'U 5 1  
HLO = 500.  
K R 9  = Z 
RLO = RLLI5 
47 R L 0 6  = - O . C ~ J ~ ~ ~ ~ O ~ O ? + ~ ~ P * ~ O ~ Z O ~ O ~ ~ O D - O ~ * T U P * ~ - O . ~ ~ O ~ ~ ~ ~ O - O ~  
1 * O .  1 5 5 9 2 B Z D - 0 9 * T M P l  I 
I F  IKRO.EO.21 R H I  = P L r l L  
I F  IKRO.tP.2I GU r 0  5 1  
HLO ~ 6 0 0 .  
K R 3  = 2 
RLO = R L 0 6  
4 8  R L 0 7  = -0 .5 f ldYZ431)+02 *TMP*fO.?DC7103D-01 * T q P o I - 0 . 8 9 8 0 0 8 2 0 - 0 5  
1 +O.1424971D-OB*TMP) 1 
I F  o(RJ. tG.7 l  ottl = R L 0 7  
I F  lKRO.tQ.21 6 0  TO 5 1  
HLO =700.  
KRO * C 
R L O  = R L 3 7  
4 9  R L n B  = - 0 . 4 9 6 8 7 3 8 0 1 0 2  + r H P * I 0 . 1 5 5 2 5 f Z i J - 0 1  t T R P * ( - 0 . 5 6 2 1 7 O I D - 0 )  
1 1 0 . 7 3 3 5 7 3 9 0 - 3 9 0 1 Y P I  I 
I F  (KRO.CQ.2) R H I  *RLIIA 
I F  (KRO.EP.ZI GO 19 5 1  
HL') =BOO. 
KPlJ = ? 
R L 3  =RLOB 
5 9  RL'19 = - 0 . 4 5 9 5 3 5 3 D 1 0 2  +TMP*(0.61329910-02+TUP*(-0.262W550-06 
1 - 0 . 3 0 5 8 3 0 3 0 - 0 9 * T M P l  I 
I F  fKRO.EQ.2) RH1 * R L 0 9  
I F  lURO.EO.Zl GO 1 0  5 1  
kt10 1 900. 
QLO = F L U 9  
R L O i  01 - 0 , 4 2 5 0 5 9 7 0 1 0 2  * ~ U P * l - 0 ~ 5 0 2 4 4 0 3 0 - 0 3 * T M P * l 0 ~ 3 7 4 6 1 3 0 0 - 0 5  
I - 0 . 1 0 1 8 6 5 5 D - O 8 * 1 M P I )  
R H I  =RLO10 
5 1  LRO - RLO + l H E - H L O l * l  R U l - R L O I  *0.01 
RYfl  * D E X P I L R O l * l . O t  3 
4-4. 
+$'f. 
69lJ. 
491. 
492. 
493. 
494. 
+95. 
+96. 
497. 
wid. 
690. 
Sfla, 
$01. 
5C7. 
5c3. 
506. 
505. 
50h. 
507. 
SOH. 
400. 
410. 
511. 
512. 
513. 
514. 
515. 
514. 
517. 
518. 
51'4. 
$20. 
5 7 1 .  
$22. 
C 
C Cu*PUIC CI*OSPHEPlC >RAG IMPlPlSE 
c 
O t L T  0 T - T I  
VMAGS = IXFDQe2 VRDQe2 o LRD**Z1*1.€6 
Iprpf f i  0.5*RHO*AC~**ASS*W#AGS*CD~OELTQSQR3 + IMP06 
I 1  . 1 
39 IF tFz.LT.Fsrw) G 3  TO 38 
ISPUG = IMPOCQS*365. 
WACC = Z . * ~ C U t / l A ~ * 3 f l * V O F F  
IqPCUO = YdSSQSECPVQVACC 
I M P ~ O T  = l w n c  + IMPLC + IMPTW *IMPSOL + Iptvcno 
M4STOT I*PToT*S4FTV/l9.8*lSP) 
IF IPRIYT . ~ 3 .  11 Gn T O  73  
~n ru 11~.75,761 I Y ~ P T  
74 YRlTE 1611111 H P ~ S ~ I ~ P C M O ~ I U P D G ~ l W P T O T ~ # A S T O T  
111 FORMAT 1 '  ' .615X1F9.3~6XI/1 
GO TO 7 3  
75 WRITE 1 6 ~ 1 1 1 1  E P I H P ~ I ~ P C M O ~ I M P U G ~ ~ U P ~ U T ~ W A S T D T  
GO Tn 73 
16 WRITE 1 6 r l l l l  H P ~ ~ P , I * P C M O ~ I Y W G I I M P ~ O T ~ M A S T O T  
13 CONTINUE 
GO TO ( 5 5 r 5 8 0 6 1 1  rKOPT 
1000 CONTINUE 
RETURY 
t YD 
SDATA 
I vi 45. 
€P 0.1 
IrPO 300. BOO. 
MASS 100. 
onc LO. 
F l r )  ZOO. 
9sTnv 
I *  
